12. The rate of change of the volume, V, of water in a tank with respect to time, ¢, is directly proportional to the
square root of the volume. Which of the following is a differential equation that describes this relationship?

(A) V(1) = kT

B) V(1) = kW
(©) % = kT
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14. Shown above is a slope field for which of the following differential equations?



12. The situation as described is that the rate of change of the volume, V', with respect to
time ¢ is directly proportional to the square root of the volume. Recall that when we

say the quantity
A is directly proportional to the quantity B

we mean that there is a constant k so that A = kB.

av
So, since the rate of change of the volume, V', with respect to time ¢ is o Ve have

dv
(with I playing the role of A and v/V playing the role of B in the above statement)

dv
E=k\/l7.

Thus, the correct equation is (E).

14. Notice that in each quadrant of the plane the sign of he slopes in the slope field are
constant. More specifically the signs of the slope field break down as in the table below

Slope | QI | QI | QIII | QIV
dy
dz

+| - - | +

So to determine which differential equation has the given slope field, we look at the sign

of d_z for each quadrant for each equation. To summarize all of the results we create a
table.

Equation QI QII QIII QIV
(A)d_y= E=i=+ £=:=_ E=:=+ £=i=_
dz y + y + y - y -
dy  z* _ + z? 4 a2+ 2+
B—:: —_—_—— — = —_—_—— — = _—— — = —_—_—— — =
Bla= g=5= | g=x= g~ g~
d 3+ 3 - z3 z3  +
dzr y + y + Yy y -

2 2 2 2
(D)d_y= .’I:_=i=+ .'I:_=i=+ 22_=i=_ x_=i=_
dz y + y + y - y -
3 3 _ 3 _ 3
dz y: o+ ¥+ y: o+ v+

From the table we see that the only equation that gives the correct sign for the slope in
all four quadrants is equation (E).



i i oduct of the number of people
22. A rumor spreads among a population of N people at a rate proportional to the pr
who have ﬁeard the rumor and the number of people who have not heard the rumor. If p denotes the numl?er of
people who have heard the rumor, which of the following differential equations could be used to model this
situation with respect to time #, where k is a positive constant?
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27 Shown above is a slope field for which of the following differential equations?

w2y




22. The situation as described is that the rate at which a rumor spreads in a population of
size N is proportional to product of the number of people p who have heard the rumor
and the number of people in the population who have not heard the rumor. Recall
that when we say the quantity

A is directly proportional to the quantity B

we mean that there is a constant k so that A = kB.

The rate at which the rumor spreads is the rate of change of the number of people in the
population who have heard the rumor. Note that the rate of change of the number of

people in the population who have heard the rumor with respect to time ¢ is d_p and

the number of people in the population who have NOT heard the rumor is the total
number of people in the population N minus the number of people, p, who have heard
the rumor, i.e. N — p. So the product of the number of people who have heard the

rumor and the number who have not is p(N — p). So we have (with Z—It) playing the
role of A and p(N — p) playing the role of B in the above statement)

dp
3 = kPN —p).

Thus, the correct equation is (B).

27.-1 Notice that the slopes when y = 0 are all 0 and the slopes are all 0 when z = —1. So

d
y and z + 1 should BOTH be factors of % The only one of the five given equations
for which this is true is equation (C). Thus, the answer is (C).



dx

27. Which of the following could be the slope field for the differential equation & =y ~17
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27.-2 Since dy = y? — 1 the slopes will be negative when y? — 1 < 0 which only occurs for

values of y with —1 < y < 1. So we look for a slope field with negative slopes ONLY
between the horizontal lines y = —1 and y = 1. the only one of the given fields for
which that is true is (A).



83. If %=(1+lnx)y andify=1whenx=1, theny=

A) e
(B) l1+Inx
(C) Inx
(D) 82x+xln x-2
(E) exlnx
21. If Z—}; = ky and k is a nonzero constant, then y could be
A) 2k ®) 26" © +3 D) ky+s (B %kyz +%
8. If % = sin xcos® xand ify=0when x= g, what is the value of y when x=07?
1 1
A) -1 ®B) - 3 © 0 D) 3 B 1
y

24. Shown above is a slope field for which of the following differential equations?

Y _ Y_p2 & _ @ _ y_
@A) —-=l+x  (B) * O —=xty D) (E) Iny

dx dx

<%
&



83. E
2. B
8 B
24. C

Q=(l+lnx)dx; In|y|=x+xnx—x+k=xInx+k; |y|=ee’™* = y=Ce*'*. Since
y

xlnx

y=1when x=1, C=1.Hence y=e

The solution to this differential equation is known to be of the form y = y(0)- e Option (B)

is the only one of this form. If you do not remember the form of the solution, then separate
the variables and antidifferentiate.

Q=kdt; In|y|=kt+c; |y|=el“+c1 =e¥e; y=ce®.
y

3
1 3 T 1 | 1 3 1
x)=——(cosx) +C; Let x=—, 0=—==|cos—= | +C=>C=0. y(0)=——(cos0) =——
Y09 =3 (cosx) 2 3( 2] YO =3 leos0) =75

All slopes along the diagonal y = —x appear to be 0. This is consistent only with option (C).

For each of the others you can see why they do not work. Option (A) does not work because
all slopes at points with the same x coordinate would have to be equal. Option (B) does not
work because all slopes would have to be positive. Option (D) does not work because all
slopes in the third quadrant would have to be positive. Option (E) does not work because
there would only be slopes for y >0.



33.

38.

13.

20.

If %=2y2 and if y=-1 whenx=1, then whenx=2, y=

2 1

A -3 B) -3 © 0 (D) (E)

WD | =
w N

If the second derivative of f'is given by f"(x)=2x-cosx, which of the following could be f(x)?

o
(A) ?+ cosx—x+1

o
(B) ?—cosx—x+l

© x> +cosx—x+1
(D) x*-sinx+1

(E) x? +sinx+1

i Y- x?y , then y could be
dx
3

x X X 3
—) (B) e3 +7 (C) 2e3 (D) 3¢ (E) ?+1

(A) 3ln(3

A particle moves along the x-axis so that at any time ¢ >0 the acceleration of the particle is
a(t)=e . Ifat =0 the velocity of the particle is % and its position is % , then its position at

any time ¢ >0 isx(¢) =

-2t -2t
e e 15
A) ——+3 —+3t+—
@) == ® = 4
e—2r e—Zt
(B) +4 (E) —+3t+4
© 4ei2is)
2 4



. Substitute the point (1,-1)

33. B  Separate the variables. y’zdy =2dx; - 1. 2x+C; y=
y 2x+C

to find the value of C. Then —1=

= C=-1,s0 y= .Whenx=2,y=—%.

2+C 1-2x

38. A f(x)=x*-sinx+C, f(x)=%x3+cosx+Cx+K.OptionAistheonlyonewiththisform.

13
3. ¢ Yo ln|y|=%x3+C1,y=Ce3 . Only C is of this form.
y

20. E v(t)=—%e_2'+3 and x(t)=%e'2’+3t+4



29. If y"=2) andif y=)' =e whenx =0, then when x=1, y=

3 e3—e)
e( 2 e e (
@ J(e+1) ® e © 5 ®) €
4. Ifd—y=cos(2x) then y=
dx ’
(A) —%cos(Zx)+C (B) —%cosz(Zx)+C (©) %sin(Zx)+C
(D) %sinz(Zx)+C (E) —%sin(Zx)+C

33. If Z—y=—2y and if y = 1 when ¢ = 0, what is the value of 7 for which y=%?
t

In2 1 In2 2
(A) 5 (B) ~2 © 3 (D) BN (E) In2

39. If%=yseczx and y =5 when x =0, then y =

(A) e*+4 (B) e**+5 (C) 5e™*

(D) tanx+5 (E) tanx+5e”



29.

39.

A Let z=) .Thenz=ewhenx=0. Thus y" =2) = z' = 2z. Solve this differential equation.

2x,

z=Ce*; e=C’ =>C=e= y =z=¢"*""

. Solve this differential equation.

= lez"+l +K; e=%e] +K:>K=%e; y= lez"+l +le, y() = le3+le= le(e2+1)

Y 2 2 2

Alternative Solution: y" =23’ = ' = Ce** =e-¢**. Therefore y'(I)=¢".
r U l L ]
Y-y ()= [ ¥ (x)dx= [ 2 (x)dx=2y(1)-2(0) and so

' 3
D) y(l)—y(§)+2y(0) Sre

4. C j cos(2x) dx = % j cos(2x) (2 dx) = %sin(Zx) +C

33. C Thisis the differential equation for exponential growth.

o o 1 1 1. (1) 1
=y0)e =, = =1 (—):t=——ln(—]=—ln2
y=ye " =e";=e "2 2 M2 )72

C d—y=seczxdx:>ln|y|=tanx+k:>y=Ce"””‘. y(0)=5= y =5¢"*"*

y



27. Ifd—y=tanx, then y=
dx

(A) %tanzx+C (B) sec’x+C (C) In|secx|+C
(D) In|cosx|+C (E) secxtanx+C
23. If the graph of y = f(x) contains the point ( 0, 2 ),d_y = —xz and f(x)>0 for all x, then f(x)=
dx ye*
(A) 3+e* B) +e* ©) l+e*
(D) V3+e ™ (E) V3+e*

37. If%=4y and if y=4 whenx =0, theny =

A) 4e* B) & (€) 3+e¥ @) 4+ (B 2x*+4

22. A particle moves on the curve y =Inx so that the x-component has velocity x'(f)=¢+1 for 1>0.
Attime ¢ =0, the particle is at the point (1,0). At time ¢ =1, the particle is at the point

&) (2.n2) ® (e.2) © (i,mij

2’2
303
D) (3,ln3) (E) (5,1n5)



27. C Itanxdx=fSm—xdx=-ln|cosx|+C=ln|secx|+C
cos x

3. D P o dy=-dxe Tdisy=eF 4C
dx y
4=14C=>C=3; y*=¢* +3>y=Ve ™ +3
dy _

37. A i 4y, y(0)=4. This is exponential growth. The general solution is y = Ce** . Since

3(0) =4, C =4 and so the solution is y = 4e**.

2. C i(t)=t+l=>x(t)=%(t+l)2+c and x(0)=1=>C=%:x(z)=%(t+l)2+%

5 5.5

5 . i —
xh)=>, yB=In>; (2, 1n2)



