SECTION 2.2 Basic Differentiation Rules and Rates of Change
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Sect10022 Basic Differentiation Rules and Rates of Change

* Find the derivative of a function using the Constant Rule.

* Find the derivative of a function using the Power Rule.

* Find the derivative of a function using the Constant Multiple Rule.

* Find the derivative of a function using the Sum and Difference Rules.
* Find the derivatives of the sine function and of the cosine function.

¢ Use derivatives to find rates of change.

y The Constant Rule

In Section 2.1 you used the limit definition to find derivatives. In this and the next
The slope of a sections you will be introduced to several “differentiation rules” that allow you to
horizoatal line derivatives without the direct use of the limit definition.

is 0.
A THEOREM 2.2 The C Rul
The derivative of a % e Constant Rule
,Csogsmm function The derivative of a constant function is 0. That is, if ¢ is a real number, then
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The Constant Rule
Figure 2.14

Proof Letf(x) = c. Then, by the limit definition of the derivative,

d /
- e lel =)
NOTE In Figure 2.14, note that the flx + Ax) — f(x)

Constant Rule is equivalent to saying = lim
that the slope of a horizontal line is 0. ax—0 Ax
This demonstrates the relationship . c-—-c
between slope and derivative. . AI}TO R
= lim 0
Ax—0
EERESE
= 0.
EXAMPLE | Using the Constant Rule
[t A e 23 3 Lt v
Function Derivative
dy
a. y=7 — =
: 4 dx
£ . | b. f(x) =0 fx) =
& c. s() =-3 st =
d. y = k7?2, k is constant y' =0 nmem
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Writing a Conjecture Use the definition of the derivative given in Section 2.1
to find the derivative of each function. What patterns do you see? Use your
results to write a conjecture about the derivative of f(x) = x".

a. f(x) = x! b. f(x) = x? c. flx) =x3
d. f(x) = x* e. f(x) = x1~2 f. f(x) =x1
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The Power Rule

Before proving the next rule, it is important to review the procedure for expanding a
binomial.

(x + Ax)? = x* + 2xAx + (Ax)?
(x + Ax)? = x3 + 3x%Ax + 3x(Ax)? + (Ax)?

The general binomial expansion for a positive integer 7 18

(x + Ax)" = x" + nx" "1 (Ax) + L —21)xn_2 (Ax)2 + - - - + (Ax)™

- -

(Ax)? is a factor of these terms.

This binomial expansion is used in proving a special case of the Power Rule.
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I THEOREM 2.3 The Power Rule

Ifnisa rational number, then the function f(x) = x" is differentiable and

i %[x"] = nx" L,

" For f to be differentiable at x = 0, n must be a number such that x”~ " is
l defined on an interval containing 0.

Proof If nis a positive integer greater than 1, then the binomial expansion produces

4[] = g EHAL X
dx Ax—0 Ax
- n(n— 1)x" 2
x" + nx"~(Ax) + 5 (Ax)2 + + - - + (Ax)" — x"
- AETO Ax
i n—2
= lim [nx"‘l + Mn - bt (Ax) + - > -+ (Ax)""]
Ax—0 2
=px"1'4+0+---+0

= nx"~ L.

This proves the case for which n is a positive integer greater than 1. You will prove the
case for n = 1. Example 7 in Section 2.3 proves the case for which n is a negative
integer. In Exercise 75 in Section 2.5 you are asked to prove the case for which n 15
rational. (In Section 5.5, the Power Rule will be extended to cover irrational
values of n.) 1S3 T AR

When using the Power Rule, the case for which n = 1 is best thought of as a
separate differentiation rule. That 1s,

‘C'i"[X] = 1. Power Rule whenn = 1
dx

This rule is consistent with the fact that the slope of the line y = x1s 1, as shown In
Figure 2.15.
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| S (0, 0)

Note that the slope of the graph is negative
at the point (— 1, 1), the slope is zero at the
point (0, 0), and the slope is positive at the
tpoint (1, 1).

e line y = — 4y — 455 tangent to the
: ph szf(x) = x?at the point (— 2, 4).
igure 2,17
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EXAMPLE 2 Using the Power Rule

RIPA SRR ILSAS 3 0 2R pins PR FSE)
Function Derivative
8 flx) =% fAx) = 3x2
_ TRy Y SR
b‘ g(x) —é/; g (x) oo dx[xl/ ] _ 3X 213 = 3x2/3
"y @ _ A 2 (o3 _2
c.y—x2 dx_dx[x I=(=2x3= 3

In Example 2(c), note that before differentiating, 1/x? was rewritten as x-
Rewriting is the first step in many differentiation problems.

Gven: Rewrite: Differentiate: Simplify:

EXAMPLE 3 Finding the Slope of a Graph

BISESSr S tr i s ie Hi 1 I1EY
Find the slope of the graph of f(x) = x* when
85 =1 b. x=0 c. x = 1.

Solution The slope of a graph at a point is the value of the derivative at that poir
The derivative of f is f'(x) = 4x3.

a. When x = — 1, the slope is f(—1) = 4(—1)} = —4, Slope is negative.
b. When x = 0, the slope is f(0) = 4(0)3 = 0. Slope is zero.
c. When x = 1, the slope is (1) = 4(1)? = 4. Slope is positive.

See Figure 2.16.

EXAMPLE 4 Finding an Equation of a Tangent Line

e e er vuasic beps =R Aa Y]
Find an equation of the tangent line to the graph of f(x) = x2 when x = —2.
Solution To find the poinr on the graph of f, evaluate the original function :
x= -2

(—2,f(=2)) = (-2,4) Point on graph

To find the slope of the graph when x = —2, evaluate the derivative, f/(x) = 2x, ¢
x = -2,

m=f(-2)=—4 Slope of graph at (—2,4)

Now, using the point-slope form of the equation of a line, you can write

y—y; =mx—x,) Point-slope form
B S —4[1 = (—3)] Substitute for y;, m, and x,.
P =l Simplify.

See Figure 2417 ' AU HERCTEeI0
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Differentiation

The Constant Multiple Rule

THEOREM 2.4 The Constant Multiple Rule

If f is a differentiable function and c is a real number, then cf 1s also

; d
i differentiable and &;[cf(x)] = ¢f"(x).

Proof
;;—1; [f(0] = lim ofx + A:i Eiig) Definition of derivative
= lim flx + le’C) —f(xq
- Ll)iﬂo Jie A:)z —f) ] Apply Theorem 1.2.
= ¢f'(x) S——

Informally, the Constant Multiple Rule states that constants can be factored out
of the differentiation process, even if the constants appear in the denominator.

~

L of ) = ¢ 5[ f 0] = o

EXAMPLE 5 Using the Constant Multiple Rule

Function Derivative
i dy _dp, 17_ A 11 o g L&
ay=7 dr—d[zx] 2dx[x] 2(—1)x o
_4r ; _diz}_“iz_i .
b £ = 2 ro=413e] = 220 =20 = 5
N dy _ dr 1 _ (l -1/2)_ Ry
& y=2/x dx_dx'zx ]—22x X T
_ ] gl_i:l. —2/3]_l<_2) 53 1
&Y =S dx  dx|2” 2\ "3} 3x5/3
e ,__2 fzi[_éx]:_g(l)__: _.é
? 2 Y T dx| 2 2 2 P e

The Constant Multiple Rule and the Power Rule can be combined into one rule. The §
combination rule is |

D_[cx™] = cnx" ™!,
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EXAMPLE 6 Using Parentheses When Differentiating

Original Function Rewrite Differentiate Simplify
n =55 y=36  y=ewy y=-B
b. y= (;)3 y = %(1_3) 3= %(-—3x'4) y’ = —2-31-565_4
g s 3x7-z Y= % x?) y %(Zx) y’ = %
d. y= (3x7)-2 y = 63(x?) y’ = 63(2x) y’ = 126x
SS—

The Sum and Difference Rules

THEOREM 2.5 The Sum and Difference Rules l

The sum (or difference) of two differentiable functions f and g is itself |
differentiable. Moreover, the derivative of f + g (or f — g) is the sum (or
difference) of the derivatives of f and g. ‘

S0+ g@]=FW + g6 sumRul

di),c[ fx) — gx)] = f(x) — g'(x) Difference Rule |

Proof A proof of the Sum Rule follows from Theorem 1.2. (The Difference Rule
can be proved in a similar way.)

&d; [F(x) + g(x)] = ,_\l_ff_l}o [f(x + Ax) + glx +AXAX)] — [f(x) + g(x)]
= lim flx + Ax) + glx ;Ax) - f(x) — g(x)
oy o fla+ Ax) — fla) . 20z + &a) — gla)
a _\lxlglo [ Ax 4 Ax ]
_ G fla+ &) —fia) . ... g+ 4~ gls)
a AI;TO Ax % .\220 Ax
= f'(x) + g'(x) ik

The Sum and Difference Rules can be extended to any finite number of functions.
For instance, if F(x) = f(x) + g(x) — A(x), then F'(x) = f'(x) + g'(x) — h'(x).

EXAMPLE 7 Using the Sum and Difference Rules

R
Function | Derivative

a. fx) =x3—-4x+5 flx) =3x2 -4

b. glx) = -§+3x3—2x g'x)=-2x>+9x2 -2
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FOR FURTHER INFORMATION For the
outline of a geometric proof of the deriv-
atives of the sine and cosine functions,
see the article “The Spider’s Spacewalk
Derivation of sin’ and cos’” by Tim
Hesterberg in The College Mathematics
Journal. To view this article, go to the
website www.matharticles.com.
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e
| Vv =0 [

y increasing Y decreasing y increasing

y’ positive y’ negative y’ positive
| |

- e W e = -
-— - - -

1
P

3 \ -
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27

A

y’ =cos x

The derivative of the sine function is the

cosine function.
Figure 2.18

e | P
y=smx y=_sinx

P
o [asinx] = acosx

Figure 2.19

Derivatives of Sine and Cosine Functions
In Section 1.3, you studied the following limits.
sin Ax _ ] — cos Ax _

I = ]
Air—?o Ax Ax

Iim 0
Ax—0

and

These two limits can be used to prove differentiation rules for the sine and cosine
functions. (The derivatives of the other four trigonometric functions are discussed in

Section 2.3.)

THEOREM 2.6 Derivatives of Sine and Cosine Functions

d . .
E[Sm x] = cos x = [cosx] = —sinx

Proof
d (sinx] = lim sin(x + Ax) — sinx P
s = ni n vat
dx B0 Ax Cll 10n O erivative
. sin x cos Ax + cos x sin Ax — sinx
= lim
Ax—0 AX
 cos x sin Ax — (sin x)(1 — cos Ax)
= ]im
Ax=0 AX
sin Ax 1 — cos Ax
= lim | (cos x ( j— sinx( )}
Ax—0 {( ) Ax ( ) A)C
= COS x( lim . Ax) — s1n x( Im S Ax)
Ax—0 Ax > Ax—0 Ax

= (cos x)(1) — (sin x)(0)

= COS X

This differentiation rule is shown graphically in Figure 2.18. Note that for each x, the
slope of the sine curve 1s equal to the value of the cosine. The proof of the second rule

is left as an exercise (see Exercise 116). —
EXAMPLE 8 Derivatives Involving Sines and Cosines
R TR T G
Function Derivative
a. y = 2sinx y’ = 2cosx
b sinx 1 i : s COS X
\y — — L T x } _— T et
SR TR 3 2
C. y=Xx 1t COSX y/=1—anX s

"

TECHNOLOGY A graphing utility can provide insight into the interpretation
of a derivative. For instance, Figure 2.19 shows the graphs of

v = asinx

-

for a = 3 1, >, and 2. Estimate the slope of each graph at the point (0, 0). Toet 3
by evaluating the derivative of each functioh |

verify your estimates analytically
when x = 0.
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112 CHAPTER 2 Differentiation

FOR FURTHER INFORMATION For the Derivatives of Sine and Cosine Functions
outline of a geometric proof of the deriv-

atives of the sine and cosine functions, In Section 1.3, you studied the following limits.

see Fhe mcle "Ttxe Splder, s Spac;walk T 1 — cos Ax

Derivation of sin’ and cos”” by Tim lim = =1 and lm - A =0

Hesterberg in The College Mathematics Al i

Jour "fal- To view this @Clc’ go to the These two limits can be used to prove differentiation rules for the sine and cosine

website www.matharticles.com. functions. (The derivatives of the other four trigonometric functions are discussed in
Section 2.3.)
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d.. d .
e [sin x] = cos x a[cos x] = —sinx
y Proof
¢ y=0 y=sinx
d atiiles i sin(x + Ax) — sinx e | s s o
' g e t atuv
; - P ioae %= efinition of derivative ,
it X
X n 27 . sinxcos Ax + cos x sin Ax — sin x
2 ' ' = lim
: : : : Ax—0 Ax
I 1 y’ =0 . .
yincreasing y decreasing y increasing —: fin cos x sin Ax — (sin x)(1 — cos Ax)
3 Ax—0 Ax
y’ positive y’ negative y’ positive . [ ( ) (sin Ax) (sin3) (1 — CO8 Ax)]
' ' ' : = lim | (cosx — (sin x
f : i : : Ax—0 Ax Ax :
I | 1 i ¢
i | : : = cos x| lim SmAx)—smx(lim L
: ; ' Ax—0 Ax Ax—0 Ax
4 > X .
n = (cos x)(1) — (sin x)(0)
T y’ =¢cos x = COS X
The derivative of the sine function is the This differentiation rule is shown graphically in Figure 2.18. Note that for each x, the |
cosine function. slope of the sine curve is equal to the value of the cosine. The proof of the second rule :
3
Figure 2.18 is left as an exercise (see Exercise 116). ——

:

EXAMPLE 8 Derivatives Involving Sines and Cosines

BPIAYTIEE RS RILIAISIVERIING
Function Derivative 1
=2sinx y==sinx . : i
: 4 a. y=2smx y' = 2cosx
b LI sin x P coS el
: = = — = —COo8X =
S TR YT 9 2
e c. y=x+cosx y'=1—sinx | | .._—-
: TECHNOLOGY A graphing utility can provide insight into the inter pretatlon

_:‘ of a derivative. For instance, Figure 2.19 shows the graphs of #
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y = asinx

d LB for a = ], 1, 3 5, and 2. Estimate the slope of each graph at the point (0, 0). Then
dx fainz] = aom ¢ verify your estimates analytically by evaluating the derivative of each funcuo :
Figure 2.19 § when x = 0.
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e 0 tograph of a free-falling

B -

SECTION 2.2 Basic Differentiation Rules and Rates of Change 113

Rates of Change

You have seen how the derivative is used to determine slope. The derivative can also be
ased to determine the rate of change of one variable with respect to another. Applications
involving rates of change occur in a wide variety of fields. A few examples are
population growth rates, production rates, water flow rates, velocity, and acceleration.
A common use for rate of change is to describe the motion of an object moving
in a straight line. In such problems, it is customary to use either a horizontal or a
vertical line with a designated origin to represent the line of motion. On such lines,
movement to the right (or upward) is considered to be in the positive direction, and
movement to the left (or downward) 1s considered to be in the negative direction.
The function s that gives the position (relative to the origin) of an object as a
function of time ¢ is called a position function. If, over a period of time At, the object
changes its position by the amount As = s(t + Af) — s(z), then, by the familiar

formula

distance

Rate = —;
time

the average velocity is

' Change in distance . As '
e ornpicn] Syt as et P Average velocity

'S " = 3 R . 2 ~

ST o TTei I T PL s A s gotny
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EXAMPLE 9 Finding Average Velocity of a Falling Object

f= = - T ee ittt ]

If a billiard ball is dropped from a height of 100 feet, its height s at time ¢ is given by
the position function

s = —16t% + 100 Position function

where s is measured in feet and 7 is measured in seconds. Find the average velocity

over each of the following time intervals.

a. [1,2] b. [1, 1.5] & [1,11]

Solution

a. For the interval [1, 2], the object falls from a height of s(1) = —16(1)* + 100 = 84

feet to a height of s(2) = —16(2)? + 100 = 36 feet. The average velocity is

As 36 —84 .—48
e N L W 48 feet per second.

b. For the interval [1, 1.5], the object falls from a height of 84 feet to a height of 64

feet. The average velocity 18

As _ 64 — 84 _ :._2_0 = —40 feet per second.

At 18—~1  BS

L e—
—_—

c. For the interval [1, 1.1], the object falls from a height of 84 feet to a height of 80.64

feet.-The average velocity 1s

As 8064 —8 —3.36
— ey  ———— a— Jo— oy t‘ d.
At 11 —1 01 33.6 feet per secon

Note that the average velocities are negative, indicating that the object is moving
(it taasa A ]

downward.
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s

Suppose that in Example 9 you wanted to find the instantaneous velocity (or

simply the velocity) of the object when ¢ = 1. Just as you can approximate the slope

Tangent line of the tangent line by calculating the slope of the secant line, you can approximate the

velocity at t = 1 by calculating the average velocity over a small interval [1, 1 + At¢]

(see Figure 2.20). By taking the limit as At approaches zero, you obtain the velocity

when ¢ = 1. Try doing this—you will find that the velocity when 7 = 1 is —32 feet

per second.

In general, if s = s(t) is the position function for an object moving along a

straight line, the velocity of the object at time 7 1s

-

1/

t1=1 )

v(t) = lim al +'At) o (1) = s'(t);'

Velocity function
Ar—0 At y

The average velocity between ¢, and 7, is
the slope of the secant line, and the
instantaneous velocity at ¢, is the slope of
the tangent line.

Figure 2.20

In other words, the velocity function is the derivative of the position function. Velocity
can be negative, zero, or positive. The speed of an object is the absolute value of its
velocity. Speed cannot be negative.

The position of a free-falling object (neglecting air resistance) under the influence
of gravity can be represented by the equation

1 .
s(t) = 5 1% Vol gy Position function

where s, is the initial height of the object, v, is the initial velocity of the object, and g
is the acceleration due to gravity. On Earth, the value of g is approximately — 32 feet
per second per second or —9.8 meters per second per second.

ik ;
i ,{3;‘;;:;' ¢l i
L e s

117334 g
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4 ;H’;g_' _ i EXAMPLE 10 Using the Derivative to Find Velocity

At time ¢ = 0, a diver jumps from a platform diving board that is 32 feet above the
water (see Figure 2.21). The position of the diver is given by

s(®) = —162 + 16t + 32 Position function
where s is measured in feet and ¢ is measured in seconds.

a. When does the diver hit the water?

b. What is the diver’s velocity at impact?

Solution

a. To find the time ¢ when the diver hits the water, let s = 0 and solve for 1.

R N s 16t2 + 16t + 32 == 0 Set pOSitiOﬂ function equal to 0.

Velocity is positive when an object is rising,
and is negative when an object is falling. —16(t + 1)t —2) =0 vastor.
Figure 2.21 t=—lor2 Solve for 1.

Because ¢ = 0, choose the positive value to conclude that the diver hits the water

NOTE In Figure 2.21, note that the
at t = 2 seconds.

diver moves upward for the first half-

second because the velocity.is positive b. The velocity at time ¢ is given by the derivative s’(f) = —32t + 16. So, the . &
for0 <t < % When the velocity is 0, velocity at timet = 218
the diver has reached the maximum =
height of the dive. s(2) = —32(2) + 16 = —48 feet per second. .
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