PRACTICE TEST 4 FRQ #1
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Let R be the region bounded by the graphs of y = sin(7x) and y = x° — 4x, as shown in the figure

above.

(a) Find the area of K.

(b) The honizontal lme y = —2 splits the region R into two parts. Write, but do not evaluate, an integral
expression for the area of the part of R that 1s below this honzontal line.

{c) The region R 1s the base of a solid. For this solid, each cross section perpendicular to the x-axis is a
square. Find the volume of this solid.

(d) The region R models the surface of a small pond At all points in R at a distance x from the y-axis,
the depth of the water 15 given by h{x) = 3 — x. Find the volume of water i the pond.

(a) sin{Ax)=x —4x at x=0 and x =2 1 : limits
Area = f'[sm[ﬂx}—{f—dx}}dx=¢ 3:41:integrand
< 0 ' 1 : anzwer
(b) x° —4x=-2 at r = 0.5391889 and s = 1.6751309 . [ 1 : limits
The area of the stated region is [;{—2 - ['Ij —4.1’]-] dx 1 : mtegrand
-1 12 1 : integrand
(©) Volume = [ "(sin(mx) - (x* — 4x))” dr=9.978 7- [ HegTan
A0 ' 1 : answer
. r 2 : '3 : - | 1 : mntegrand
(d) Volume = | (3 —x)(sin(7x) - (¥° —4x)) dr=8369 or 8370 | 2:
LY / 1 : answer
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A scientist measures the depth of the Doe Biver at Picnic Point. The nver 13 24 feet wide at this location.
The measurements are taken mn a straight line perpendicular to the edge of the nver. The data are shown
in the table above. The velocity of the water at Picnic Point, in feet per minute, 15 modeled by

¥(t) =16 + 2sin(+f +10) for 0 < ¢ < 120 minutes.

(a)

(&)

(c)

(d)

Use a trapezoidal sum with the four subintervals indicated by the data in the table to approximate the

area of the cross section of the niver at Picnic Point, in square feet. Show the computations that lead
to your answer.

The volumetric flow at a location along the nver 1s the product of the cross-sectional area and the
velocity of the water at that location. Use your approximation from part (a) to estimate the average
value of the volumetnic flow at Picnic Point, m cubic feet per minute, from ¢ = 0 to ¢ =120
mimtes.

The scienfist proposes the function f, givenby f(x) = Esin{f—i}, as a model for the depth of the

water, m feet, at Picnic Pomnt x feet from the nver’s edge. Find the area of the cross section of the
river at Picnic Point based on this model.

Recall that the volumetnc flow 1s the product of the cross-sectional area and the velocity of the water
at a location. To prevent flooding, water mmst be diverted if the average value of the volumetne flow
at Picnic Point exceeds 2100 cubic feet per minute for a 20-minute pened. Using your answer from
part (c), find the average value of the volumetnc flow during the time interval 40 < ¢ < 60 minutes.
Does this value indicate that the water must be diverted?

(a)

(@)

(c)
(d)

0+7 T+8 g8+2 2+0
( E'Ij-3+"’; }-ﬁ+" 3 }-S+I: ; ]-2 1 : trapezoidal approximation
=115 f*
1 plo _ L ) __
E-F-:] 115w(t) dt 1 : limits and average value
- - LN _ constant
= 1807.169 or 1807.170 £/ min 3: 1-
: - integrand
| 1 : answer
[ ssm|ﬁ’_IJ dx = 122230 or 122.231 £ 3. [ 1:mtegnl
40 \ 24 | 1 : answer
Let C be the cross-sectional area approximation from "1 : volumetnc flow integral
part (c). The average volumetnc flow 15 3- 1 1 - averase volumetric flow
L] f -
%Lﬂ C-vit)df =2181912 or 2181913 ft3,f min. 1 : answer with reason
Yes, water must be diverted since the average volumetric flow
for this 20-minute period exceeds 2100 f/ min_




PRACTICE TEST 4 FRQ #3

01l 15 leaking from a pipeline on the surface of a lake and forms an o1l shek whose velume increases at a

constant rate of 2000 cubic centimeters per minute. The ol slick takes the form of a nght circular cylnder

with both its radius and height changing with time. (Note: The volume I of a nght circular eylinder with
radius » and height h is given by I = ar’h.)

{(a) At the instant when the radius of the oil slick 13 100 centimeters and the height 1s 0.5 centimeter, the
radius 1s increasing at the rate of 2.5 centimeters per minute. At this instant, what is the rate of change
of the height of the o1l shick with respect to fume, in centimeters per mmute?

(b) A recovery device ammves on the scene and begmns removing oil. The rate at which o1l 15 removed 15
R(t) = 400+t cubic centimeters per minute, where ¢ is the time in minutes since the device began
workmg. O1l confinues to leak at the rate of 2000 cubic centimeters per minute. Find the time ¢ when
the o1l slick reaches its maximum volume. Justify your answer.

{c) By the ime the recovery device began removing oil, 60,000 cubic centimeters of o1l had already
leaked. Wnte, but do not evaluate, an expression involving an integral that gives the volume of o1l at

the time found m part (b).
() When r =100 cmand h = 0.5 em. 2 = 2000 cm® /min 1: 4 =200 and & =25
dar 4 . 4 . : i
and r in 25 cm/mm. 2 : expression for o
1 : answer
dll 4, dr 2 dh
F Lm-Eh -
2000 = 27 (100){2.5)(0.5) +HEIUD}2%
4 _ 0,038 or 0.039 cm /min
dlm _ 4 dl” _ 4 _ a
(b e 000 — R(r), so - = 0 when R(t) = 2000. 1: R(z) = 2000
This occurs when f = 25 minutes. 30 1:answer
. dr dV 3 1 : justification
Su:u:eﬁ::'l} for 0 < f< 25 ﬂﬂdﬁfiﬂ for t = 23,
the o1l shick reaches 1ts maximum volume 25 nunutes after the
device begins working.
() The volume of 0il, in cm®, in the slick at time ¢ = 25 minutes _ { 1 : Limits and initial condition
15 given by 60,000 + L;:' (2000 — R(t)) dt. 1 : mtegrand
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'Hruph of v

A particle moves along the x-axis so that its velocity at time f, for 0 < # £ 6. 15 given by a differentiable

fimction v whose graph 15 shown above. The velocity1s0at t =0, t =3, and r =5, and the graph has

honzontal tangents at { =1 and f = 4. The areas of the regions bounded by the i-axis and the graph of v on

the intervals [0, 3], [3. 5], and [3, 6] are 8, 3, and 2, respectively. At time 7 = 0, the particle 1s at x = -2.

{a) For 0 =t < 6, find both the time and the position of the particle when the particle 15 farthest to the left.
Justify your answer.

(b} For how many values of ¢, where 0 <t < §, 15 the particle at x = —8§ 7 Explain your reasoning.

{c) On the interval 2 < < 3, is the speed of the particle increasing or decreasing? Give a reason for your
ANSWeET.
{d) During what time intervals, if any, 1s the acceleration of the particle negative? Justify your answer.

(a) Since W) <0 for0<i<3 and 5<i<6 and Wi) >0 [l:identi.ﬁesl‘=3 as a candidate
for 3 <f <3, WE:U]IEIE[EI? Jand f =6 3-11- considers IU"EF}HT
x(3) =T .|‘|:|1'r[:|lj dt 2-8 10 1 1 : conclusion
= i
x(6) =2+ |I}v[1‘]dt=—1—3+3-—2=—9
Therefore, the particle 15 farthest left at tme 7 = 3 when
its position is x(3) = -10.
() The particle moves continuously and monotonically from l:posttonsatt =3, f =35,
x(0) = -2 to x(3) = -10. Simlarly, the particle moves 3 andt =6
contimously and monotonically from x(3) = 10 to " | 1: description of motion
x(3) = =7 and also from x(5) = -7 to x{6) = 9. 1 : conclusion
By the Intermediate Value Theorem, there are three values
of ¢ for which the particle is at x{7) = —8.
{c) The speed 15 decreasing on the mnterval 2 < # < 3 since on | 1 : answer with reason
this interval v < 0 and v 1s Increasing.
{d) The acceleration is negative on the mtervals 0 < <1 and . 1 : answer
4 < t < 6 since velocity 1s decreasing on these intervals. " | 1 : justification



PRACTICE TEST 4 FRQ #5

Consider the differential equation % = -Lll where x # 0.
x

{a) On the axes provided, sketch a slope field for the given differential

equation at the nine points indicated. « 2 . .
(Note: Use the axes provided in the exam booklet.)
{(b) Find the particular solution y = f{x) to the differential equation with = 1 . .

the imtal condition f(2) = 0.

{c) For the particular selution y = f(x) described in part (b)), find -1 o | E
Jm fx).
(@) ¥ 5. [ 1:zero slopes

[ _'[l:allntherr,lnpes

—— ]-- — —
% 4
10 2
1] 1 ; -
(b) —) dy = — dx 1 : separates vanables
Il 2 : antidifferentiates
In|y -1] = _;"' c 6: 1 1:includes constant of integration
o 1 : uses mitial condiion
|ly-1=e * 1 : solves for y
L o
|y —1=e : ¥ Note: max 3/6 [1-2-0-0-0] if no constant
y—1=ke * wherek = +° of mtegration _
) Note: 0/6 if no separation of vanables
1=ke 2
1
k=—el
[1_1)
flx)=1-&2 ¥ x>0
. -3 .
© lml-e<° * =1-4¢ 1 - limit




PRACTICE TEST 4 FRQ #6

Let f be the function given by f(x) = % for all x > 0. The denvative of f 15 given by
. l1-Inx
filx)=——=—
2

{a) Wrte an equation for the hine tangent to the graph of [ at x = e’

{(b) Find the x-coordinate of the cntical peint of {7 Determine whether this point is a relative minimum_ a
relative maximum, or netther for the function f Justfy your answer.

{c) The graph of the function f has exactly one point of mflection. Find the x-coordinate of this pomnt.
(d) Find lim_ flx).

x—0

® f(¢) == 5 1) =0

()

An equation for the tangent line1s y = 2‘ - i_*{x — ]l

éa ]

.Y [ 1 £(e) amd ()
g . ll:answer

bl

(b) fx)=0 when x = &. The function f has a relative maximum [ l:x=¢e
at x = ¢ because f'(x) changes from positive to negative at 314 1:relative maximum
X = 1 1 : justification

B L

— a
@ f(x)=—X i _S3MY pralx s 0 s [2 @
* . 11 - answer
F(x)=0when 3+2lnx=10
x = &2
The graph of f has a point of inflection at x = e/ because
f"ix) changes sign at x = el
. Inx : :
(d) lm — = or Does Mot Exist 1 : answer

x—=07




