PRACTICE TEST 2 FRQ #I

1. Let R be the region bounded by the z—axis, the graph of y = /x, and the line = = 4.

(a) Find the area of the region R.

(b) Find the value of h such that the vertical line = = h divides the region R into two regions
of equal area.

(¢) Find the volume of the solid generated when R is revolved about the z—axis.

(d) The vertical line x = k divides the region R into two regions such that when these two
regions are revolved about the x—axis, they generate solids with equal volumes. Find the
value of k.

(a) y
3} _ 4
y=vz 1. A= / Vadr
2 J0
5l
1:  answer
1 R
0 1 2 3 4 5
4 2 a0* 16
A= / Vzdr = 2237 = — or 5.333
Jo 0o 9
h . 8 i h . 4 .
(b) / Voder =~ / Vadr :/ v dr 1:  equation in A
Jo 31 Jo h 2
. of . . 1:  answer
2,802 _ 8 2482 _ 162,50
3 b3 3
h= V16 or 2.520 or 2.519
4 2t
(c) V= ?r/ (Vz)?dr = —| =8m 1:  limits and constant
Jo 2
: 0
3 1:  integrand
5 . 951392
or 25.133 or 25.132 15 answer

k ' k 4 i
(d) ?'/ (Vz)lde=4n | = / (V)2 de = 77/ (vr)?dx { 1:  equation in k
0 : J0 k 2

or 1:  answer
|2 ! J:2 J:2
T— =47 b m— =87 — 7
2 | 2

kE=+v8 or 2.828




PRACTICE TEST 2 FRQ #2

2. Let f be the function given by f(x) = 2z

(a) Find lim_f(z) and lim f(x).

b) Find the absolute minimum value of f. Justify that your answer is an absolute minimum.

c) What is the range of f?
)

d) Consider the family of functions defined by y = b;r,eb‘c_. where b is a nonzero constant. Show
that the absolute minimum value of bre® is the same for all nonzero values of b.

(a)

(c)

(d)

lim 2re?t = ()

lim 2ze?* = ~c or DNE

I— 2D

fl(z) = 2% +22-2 €2 =2e27(1 4 22) =0
ite=-1/2

f(—=1/2) = —1/e or —0.368 or —0.367

—1/e is an absolute minimum value because:

(i) f'(z)<Oforallz < —1/2 and
f(x) >0 forall z > —1/2

or
. _
—1/2
and = = —1/2 is the only critical

number

Range of f = [—1/e, 0)
or [—0.367, ~)
or [—0.368, ~)

_y.f — beb;c 4 bQ_lr_eb;L' — bebl‘(l + b-_r_) =0
lf €r = —l/b
Atz =—-1/b,y=—1/e

y has an absolute minimum value of —1/e for
all nonzero b

0asr — —o¢

—_

(.

(1: solves f/(z) =0

~ or DNE as # — >~

1:  evaluates f at student’s critical poi
0/1 if not local minimum from
student’s derivative

1:  justifies absolute minimum value
0/1 for a local argument

0/1 without explicit symbolic

derivative

Note: 0/3 if no absolute minimum based on
student’s derivative

1: answer

Note: must include the left-hand endpoint;
exclude the right-hand “endpoint”

1: sets i/ = be® (1 +bx) =0
1:  solves student’s ' = 0
1:  evaluates y at a critical number

and gets a value independent of b

Note: 0/3 if only considering specific
values of b



PRACTICE TEST 2 FRQ #3

v(t)
00 t v(t)
~ (seconds) (feet per second)
= Tl | L 0 0
o 70 1 - .
.- np 5 12
g6 % Y 10 20
Sy 15 30
2R 40 20 55
‘93 30 25 70
= 30 78
= 2w
o4 35 81
40 75
O 5 101520 25 30 35 40 45 50 45 60
50 72

Time (seconds)

3. The graph of the velocity v(t), in ft/sec, of a car traveling on a straight road, for 0 < t < 50, is shown above. A

(a)
(b)
(c)
used to arrive at your answer.

50

(d)

Approximate

table of values for v(#), at 5 second intervals of time ¢, is shown to the right of the graph.
During what intervals of time is the acceleration of the car positive? Give a reason for your answer.
Find the average acceleration of the car, in ft /’secz, over the interval 0 < ¢ < 50.

Find one approximation for the acceleration of the car, in ft /sec?, at t = 40. Show the computations you

v(t)dt with a Riemann sum, using the midpoints of five subintervals of equal length.

0
Using correct units, explain the meaning of this integral.

Acceleration is positive on (0,35) and (45, 50) because
the velocity v(?) is increasing on [0, 35] and [45, 50]

v(50) — v(0) _

50 -0 50 50
1.44 ft/sec?

Avg. Acc. =

or

Difference quotient; e.g.

v(45) : v(40) _ 60: B _ ft/sec? or
8] 3]
(40) — v(35 7h — 81 6 .
v(40) —v(35) _ 75 = —— ft/sec? or
) H 5)
o(45) — 0(35) 60—81 21 .
= = —— i‘t S .2
10 10 i /sec
—or—
Slope of tangent line, e.g.
through (35.90) and (40, 75): H = —3 ft/sec?

50
/ v(t) dt
Jo

2~ 10[v(5) + v(15) 4+ v(25) 4+ v(35) 4+ v(45)]

=10(12 4+ 30 4+ 70 4+ 81 4 60)

= 25630 feet
This integral is the total distance traveled in feet over
the time 0 to 50 seconds.

1: (0,35)
3{ 1. (45,50

1: reason

Note: ignore inclusion of endpoints

1: answer

1:
2
1:

Note: 0/2 if first point not earned

method

answer

1:  midpoint Riemann sum
answer

1:  meaning of integral




PRACTICE TEST 2 FRQ #4

4. Let f be a function with f(1) = 4 such that for all points (x,y) on the graph of f the slope is
322 + 1

2y
(a) Find the slope of the graph of f at the point where = = 1.

given by

(b) Write an equation for the line tangent to the graph of f at 2 = 1 and use it to approximate

F(1.2).
\ y . ly  322+1
(¢) Find f(x) by solving the separable differential equation Y _ 1)7—‘_ with the initial
dx 2y
condition f(1) = 4.
(d) Use your solution from part (c) to find f(1.2).
Cody 32?41
(a) Y _ St 1: answer

dx 2y

dy _3+1 41

de| ©=1 7 2.4 87 2

b) oy d— (e 1 1:  equation of tangent line
(b) y—4= E(r —1) . : equation of tangent line
| 1:  uses equation to approximate f(1.2
fll.2)—4 = (1.2 - 1)
f(1.2)=014+4=4.1
(¢) 2ydy=(32%+1)dx (1:  separates variables
/2__” dy = /(3;1_,2 +1)de 1:  antiderivative of dy term
: 1:  antiderivative of dx term

=2+ +C 5 1: wuses y =4 when x = 1 to pick one

211140 function out of a family of function:

U—C 1: solves for y

P 5 " 0/1 if solving a linear equation in y

y=o et 0/1 if no constant of integration

y=Va?+x+ 14 is branch with point (1,4) _ _
Note: max 0/5 if no separation of variables
— -3 N 4 ) op .

() wtr+ 14 Note: max 1/5 [1-0-0-0-0] if substitutes
value(s) for =, y, or dy/dx before
antidifferentiation

(d) f(L2)=V12°+12+14~4.114 1: answer, from student’s solution to
the given differential equation in (c)



PRACTICE TEST 2 FRQ #5

5. The temperature outside a house during a 24-hour period is given by
F(t)=80-10 0<t <24
(t) cos (12)

where F'(t) is measured in degrees Fahrenheit and ¢ is measured in hours.

(a) Sketch the graph of F on the grid below.

(b) Find the average temperature, to the nearest degree Fahrenheit, between ¢ = 6 and ¢ = 14.

(¢) An air conditioner cooled the house whenever the outside temperature was at or above 78 degrees
Fahrenheit. For what values of ¢+ was the air conditioner cooling the house?

(d) The cost of cooling the house accumulates at the rate of $0.05 per hour for each degree the outside
temperature exceeds 78 degrees Fahrenheit. What was the total cost, to the nearest cent, to cool
the house for this 24-hour period?

(a) 100 | | 1: Dbell-shaped graph
= ] rL minimum 70 at t = 0. ¢t = 24 only
T; I = i ~_ | ] maximum 90 at ¢t = 12 only
i 80 |- : -—-
:} 70 == E ——
6 . I I
0 6 12 18 24
Time in Hours
: \ 1 /14 {Q() 0 (ﬁf_)} " (2: integral
) Avg. = 80 — 10 cos
(b)Ave =% J; 12/ ¢ 1: limits and 1/(14 — 6)
1 1: integrand
- 5(697 2957795) 34 1: answer
—87.162 or S7.161 0/1 if integral not of the form
1 b
~ 87" F F(t)dt
b—aJa
. mt — -
(c) {8[] — 10cos (12)} — 7820 1:  inequality or equation
2
ot 1:  solutions with interval
21()(?05(_ )_(]
12
5.230 18.769
or <t<L or
5.231 18.770
1867rm (2: integral
18.769 7t
(d) C=0.05 [ ({80 — 10cos ( f)} — ?c_) dt 1: limits and 0.05
J5.231 12
or 1: integrand
5.230
3 1:  answer
= 0.05(101.92741) = 5.096 ~= $5.10 0/1 if integral not of the form
b
x‘[z [ — i’t (H




PRACTICE TEST 2 FRQ #6

6. Consider the curve defined by 2y* + 622y — 1222 + 6y = 1.

dy dr — 2xy

(a) Show that —

dr 2 +y2 41

(b) Write an equation of each horizontal tangent line to the curve.

(¢) The line through the origin with slope —1 is tangent to the curve at point P. Find the =

and y—coordinates of point P.

o dy o dy dy
Gy == + 622 —= :
Y dr dx dx

% (Gyg -+ 62> + 6) = 24z — 12zy
dx
dy 24x — 12xy dr — 2xy

dr 6224642 4+6 T 22 +y2+1

11
~—o
dx
dr —2ry =2x(2—y) =0
r=0 or y=2
When z =0, 2y +6y =1; y = 0.165
There is no point on the curve with
y coordinate of 2.

y = 0.165 is the equation of the only

horizontal tangent line.

y = —x is equation of the line.

2(—x)3 + 62%(—z) — 1222 + 6(—x) =1
~8a% — 122 —6r —1=10

r=-1/2, y=1/2

or

1
é%:—l
dor — 2oy = —22 — y? — 1
dor + 202 = 22 — 22 -1
A +424+1=0

r=-1/2, y=1/2

+ 122y — 240+ 6— =10

implicit differentiation

o . . dy
verifies expression for TIr
dzx
da
sets 2y _ 0
dx
da
solves 4 0
dx

uses solutions for x to find equation
of horizontal tangent lines

verifies which solutions for y yield
equations of horizontal tangent line

Note: max 1/4 [1-0-0-0] if dy/dz = 0 is not
of the form g(z,y)/h(x,y) = 0 with solutions

for both = and y

—_ =

or

1:

1:

y=—x

substitutes y = —x into equation
of curve

solves for x and y

dq
sets - — 1
dx
: . dy
substitutes y = —x into f_
dx

solves for o and y

Note: max 2/3 [1-1-0] if importing
incorrect derivative from part (a)



