PE FIELD

A slope field is a graphical display which shows the flow of tangent lines to the family of solution
“rves of a differential equation. Often, this flow diagram provides valuable information about the
~ture of the solution curve, i.e., whether it is polynomial, exponential, circular, trigonomertric, efc.

‘Slope fields can be constructed over a region of the plane by direct substitution into the differential
" equation, or they can be generated using the graphing calculator and an appropriate program.

There are generally two types of problems that involve slope fields. In the first, we are given a
differential equation and asked to produce its slope field diagram. In the second, we are given a
slope field and asked to match it to a particular differential equation which has those characteristics.

CONSTRUCTING A SLOPE FIELD.
When constructing slope fields, it is helpful to first create a table of values for a specific interval of x

. andy. For example, if we know that dy/dx = xy/4 for x in [-2,2] and y in [-2,2], we can construct 2
- grid to evaluate the slopes at each integer pair of values. Complete the grid of slope values for this

 differential equation:
. x values
1. ‘ -2 -1 0 1 2
2
1
y valuess 0
-

Once the grid is complete, the slope segments can be drawn through the lattice points of a graph.
Draw the slope field for the values obtained above:

2.

3. What kind of function seems to be pictured by the sIoP?iiLc:ld you constructed?

@)
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| READING A SLOPE FIELD.

_ When reading a slope field, it is important to look for clues the slope segments give us about the
behavior of the differential equation and, by extension, its family of solutions.
t is possible to read a slope field one segment at a time; however, this can be exhausting for very
large fields. Itis probably easier in many cases to spot trends in the slope field that tell us something
~ about how x and y are related in the differential equation. Here are some approaches you can use:

~_+  Examine slope field segments along vertical lines. If the segments along each vertical line
_ have the same slope, then the differential equation does not depend on y, because, as y varies, the
slope does not. :

+ Examine slope field segments along horizontal lines. If the segments along each horizontal
line have the same slope, then the differential equation does not depend on x.

. Examine slope field segments in the first quadrant. If the segments have positive slope, then
there are likely no negatives in the expression of the differential equation. If the slopes become
larger as x gets larger, then dy/dx varies directly with x; likewise for y. Otherwise, we can
determine that the slope is inversely related to one or both variables.

. If the slope field evinces a curve which looks familiar, check by differentiating that curve to
see if its slope field fits the graphical data.

NOTE: There are occasional anomalies in the appearance of slope fields, due to the way they are
generated on a calculator. Small discrepancies in slope can usually be dismissed.

Consider the following slope field: 7 7
Y 7 e
f o ——— [
7 el o f
P ittt ettt B
/) Z em——— 7 /.
[ 7 e o
(7 =/

[-2.5,2.5] % [<2.2:4.9]

4. What can you deduce from reading the slope segments?

5. Which of these is most likely the differential equation:
(A)  dy/dx = .5xy B) dy/dx=x2/y (C) dy/dx =.5x2

3
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:Here ‘:gmf: some more slope fields to practice on. In each, match the slope field with its differential
_juation.

& . Wh1ch of the following differential
~ equations has the solution slope field

 pictured atright?
. )  OTTITTTITIV T
Cwenes I
(®) dyfdx = 2xly LI

(C) dy/dx = xy , e

omr FITTTITIINN
7. Which of the following differential

equations has the solution slope field

pictured at right? ‘

(A) dy/dx = x2 /5?7///// _ k\?§§§

(B) dy/dx = y/x //7 P ?\\

©dyfdx=-y ' A} 37, 7

ML=y iy 55}////

(B) dy/dx =x2 +y? | §§§\\\\ ////fﬁ

8. Which of the following differential
equations has the solution slope field
pictured at right?

(A)dy/dx =x+Yy
(B)dy/dx=x-y
(C) dy/dx = x2
(D) dy/dx =2y
(E) dy/dx = y/x

@
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Reading a Slope Field

A few features are easy to identify and help sort out most problems:
o Look for the places where the slopes are 0; that is, _C.lf. -

e Look at the slopes along the x-axis. ' e

e Look at the slopes along the y-axis,

» Look to see if the slopes only depend on x.

e Look to see if the slopes only depend on y.

o Look to see where the slopes are positive and where they are negative.

Let's put these ideas into practice.

. : . 7 .
The slope field for the differential equation o cos(x) is R
dx e, " P e e,
shown at the right. As expected, the slopes suggest parallel i il ; ' Myitiery by t::
graphs of functions of the form y = sin(x) + C, giving us a e “::"_‘_:::. T
nice visualization of what we know to be the general solu- S, Y, ot Pl g K S

i, ™, e e R T N, e

tion. As useful as this visualization might be, though, slope = § = tam— = i e
s e N Y, B N e B, N ron e

fields are far more useful than that, as we hope to show in :

this little exploration.

A slope field gives us useful information about the solution to a differential equation even
when we are unable to “solve” the differential equation itself. By analyzing the slopes them-
selves as they relate to the differential equation, we get an enhanced understanding of how
much information a differential equation can convey.

Try this exploration to see how well you can match a differential equation to its slope field
purely on the basis of the differential equation itself. Caution: do not attempt to solve the
differential equations; they are much harder to solve than they look.

. [ ) R

I Tl N 'S P fl ?‘1 o b '\__ %, xl‘ N g - S

AP F A A L
o T e T P _r‘r, .-a”.r-"—'-."-._"‘.: LY £aox J"_.s'r Ly J_.l"l J":.l:,.-’:}}_
e R e R Y -*"-”_-“"-;-"'*‘_ it
E g o e R o e P _,}’ e b e N Y B it alta ol o oot ok
o e Lo o e s PN NN ‘h.'xl‘ ' Pl il vl e all il el o
3 . o g g . LI NG h] o el T T, s Ty T, e, T

S et L e P e P - - - -
b gy S X o e e S
e e N ENTIENCNENY ATNEUENCIEN
R R e e B A IS NG T N . T e e e s
Pl Pl I I F‘- T G 8 1 K'\- \\‘ .\l. \'l‘ "‘\., \ S, '-\ "\ ﬁ-\’ \l__ ‘1_=

=Y. =1 - ;J-—_:wx

Fhese " dx dr dx



Below are six examples of slope fields. Match them with the correct differential

equation. Explain each choice.

— v -

- - -,

e, T, T T,

BRI A

e
g s e s
o e s S

e, e T, ",

et N
e e | L e
—————— : ._.. -
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g o, "y __ P
ik Rk SRl

1.
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Match each slope field with the equation that the slope field could represent.

(A)
.—-—._,._v-x' | l‘k”_‘--——
—— |
——— | A ———
e £ [N e
©
Y v a7 7T
ERRSIEER
vy 4200
aiihe Se X% af st ok o1
Ty 1 & EIE A A
Yy Vw7200
IR TR SIF A N
I L N A
42y,
e
R M
e e N N
Rt L N
T S e T A N
e W Pl Y ool P O
(&)
et | ST
e e S O S I e )
7. y=1
8. y=x
9. y=x"
1 3
10. y=—
Y 6x
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(B)

D)

&

(H)

11.

12.

13

14.

S AN N T
T N i
R A A e
R NP
R R
Mo e S AN N
I ¥ /A ~FF F 1]
A S
AR S
Lide B oo B oo o ot
7= =
| sl
IR S
L s f ]
PV A A
PP AV S AP S A
PR AV AV S eV
PP i S S
PP S A
Pl S
1

}’:“x“g—

y=sinx

y=cosx

y=In|x




Match the slope fields with their differential equations.

(A) (B)
S S i Eil AR
PR L N Y RN S A A |
A% R . I A I |
i . . N - [ S N |
= L A
VNN A R i)
R Ntm— A
L T T e — A A
() D)
‘.’l';‘xq.*x.“x—f Frrr T rirTrT
TV LN~ AV AV AN A
LY Y= P} P PP
5,5 TR ol o
T OF 0N % EO I
Whs—g A RN SN
LR P i A TR S T T Y
e S S A A A S W VR A O O W
15. iy‘zix-i‘l 17. —dlzx—y
dx 2 dx
6. Y-, g P__*
dx dx y

19. The calculator drawn slope field for the differential equation % = xy is shown in

the figure below. The solution curve passing through the point (0, 1) is also shown.
(a) Sketch the solution curve through the point (0, 2).

(b) Sketch the solution curve through the point (0, —1).

T YW Fg7rT1
lxt\ijf!l
VivSes g
FEAZENAY Y
REEESRRN
B = 0 O

20. The calculator drawn slope field for the differential equation % =x+y is shown in
54

the figure below.
(a) Sketch the solution curve through the point (0, 1).

(b) Sketch the solution curve through the point ( -3, O) .

NS AT T
Yh—rf Ei 1 L]
N AR
TV RN =r 2]
TV LYY AN—2
B O T T A O
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2000 APe CALCULUS BC FREE-RESPONSE QUESTIONS

6. Consider the differential equation given by % = x(y - 1)2.

(a) On the axes provided, sketch a slope field for the given differential equation at the eleven points indicated.

(Note: Use the axes provided in the pink test booklet.)

y
A
® ] 1e e e
e <> = X
-2 = 0 1 2
e ~1® ®

(b) Use the slope field for the given differential equation to explain why a solution could not have the graph
shown below.

(c) Find the particular solution y = f(x) to the given differential equation with the initial condition f(0) = -1.

(d) Find the range of the solution found in part (c).

END OF EXAMINATION

Copyright © 2000 College Entrance Examination Board and Educational Testing Service. All rights reserved.
AP is a registered trademark of the College Entrance Examination Board.
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1998 Calculus BC Free-Response Questions

: d
4. Consider the differential equation given by E% = 2271

(a) On the axes provided below, sketch a slope field for the given differential equation at the
nine points indicated.

¥y
3
™ 3 ¢ ®
° 2+ °
° 1% e
T t X
-1 0 1

(b) Let y = f(z) be the particular solution to the given differential equation with the initial
condition f(0) = 3. Use Euler’s method starting at z = 0, with a step size of 0.1, to
approximate f(0.2). Show the work that leads to your answer.

(c) Find the particular solution y = f(z) to the given differential equation with the initial
condition f(0) = 3. Use your solution to find f(0.2). :
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