Basic Constructions

Objectives
I. Perform seven basic constructions.
2. Use these basic constructions in original construction exercises.
3. State and apply theorems involving concurreni lines.

(1a 70-1 What Construction Means

_z O:ESG 1-9 we have vsed rulers and protractors to draw segments with

certain lengths and angles with ceriain measures. In this chapter we will
construct geometric figures using only two instruments, a straighiredge and a
compass. {You may use a ruler as a straightedge as long as you do nol use
the marks on the ruler.)

Using a Straightedge in Consrruciions

Given two points A and B, we know Ffrom Postulate 6 that there is
exactly one | line through A and B. We agree that we can use a straightedge

to draw A& or parts of the line, such as AB and x:w

Using a Compass in Constructions

Given a point O and a length », we know from the definition of a
circle that there is exactly one circle with center O and radius r. We
agree that we can use a-compass to draw this circle or arcs of the

circle 0
Construction 1
IVen a segment, construct a segment congruent o the given segment.

Given: AB \
*——0

Construct: A segmeat congruent to AE A J;]

Procedure:

. Use a straightedge to draw a line. Call it [ { |

2, Choase any point on ! and label it X. X Y

3. Set your campass for radius A8. Using X as center,
draw an arc intersecting line /. Labei the point of in-
tersection V.

Xy is-congruent to AB.

Justification: Since you used A8 for the radius of X, XY = AB.

Construction 2

wven an

Given: £ ABC .
Construct: An angle congruent to £ABC

Procedure:

i.

2

3.

Draw a ray. Label it E.w

.Gmpammmwnn:nm:naNE,E&E_Q.mim_wmangmamn::m
'y oA v Lo . .

BA and BC. Label the points of intersection 2 and £,

respectively. o

Using R as center m_.a the same radius as i in Step 2, draw

an are intersecting _ﬁ. Label the arc N.w with § the

—
point where the arc intersects RY.

Using § 8s center and a radins equal to DE, draw an arc
that :.:namna XSeta _uo:.: Q.
Draw xn

£ QRS is congruent to, £ ABC.

Justification: If you draw m and 05, ADBE =

Then £ QRS ==L ABC.

ote; ruct an angle congruent to the given

A QRS (558 Postulate),

Construction 3

, CONSLrucC

tven an angle e biseCtor of the angle.

Given: £ ABC

Construct: The bisector of L ABC

Procedure:

1. Using 8 as center and any radius, draw an arc that
. —_— o
intersects BA at X and BC at Y.

2. Using X as center and a suitable radius, <draw an arc,
Using ¥ as center and the same radius, draw an arc that
Sﬁ;mn.m the arc with nainﬂk at a point Z,

3. Draw mN

_— .
BZ bisects LABC.

Justification: 1f you draw NN and wN kaN = AYBZ (355 Postulate).
Then £ XBZ = \lw._mN and mN bisects ZABC.
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On your paper draw figures roughly like those shown. Use them in constructing

the figures described in Exercises 23~25.

n° 3

d .

23. An isosceles triangie with a vertex angle of #° and legs of length d

24. An isosceies triangle with a vertex angle of #° and base of length 5

25. A parallelogram with an «° angle, longer side of length 5. and longer
p 2 g 4 g

diagonal of iength

26. On your paper draw figures roughly like the cues shown. Then construct

va triangle whose three angles are congruent to 2 1. £2. and £ 3, and

whose circumsceribed circle has radius ».

Grace Hopper

In 1944 the Mark [, the first
working computing machine.
started operations at Harvard,
it could do three additions per
second;,  caleulations  that
ook six months by hand
could now be done in a day.
Today, compuiers are ane billion times as fast.
partly because sofiware (programming) has be-
come more efficient, but mostly because of ad-
vances in hardware {glectronics) such as the devel-
opment of integrated circuils and silicon chips.
" Rear Adm. Grace Hopper. U.5. Navy (Rei.}
worked on that first computing machine and

many others since. ARer getiing her Ph.D. in
mathematics in 1934 from Yale and teaching
for several years, Hopper joined the Mavy in
1943 and was assigned to Harvard as a pro-
grammer of the Mark 1. In 1957, her work on
making programming faster and easier resulted
in her ianguage cailed Flowmatic, based on the
nove! idea of using English words in a computer
language. The first machine-independent: lan-
guage, COBOL, was anaounced in 1960 and
was based on her language. She continues taday
to promole compuiers -and learning. saying

computers are the “first tool o assist man’s’

brain instead of his arm."’

itined Review Exercises

Complete.

1. A median of a triangle is asegment fron a vertex o the 2 of the opposite
m.an.

2. A quadrilateral with beth pairs of opposite angles congruent is a
3. A paralielograre with congruent diagenals is a __*

4. A parallelogram with perpendic ?

lar diagonals is a

5. If a side of a square has length 5 cm. then a diagonal of the square has
length _*_ cm.

6. The measure of each Iterior angle of 2 regular pentagon is _7_.

16-2 Perpendicylars and Parallels

) |
The next three censiructions are based on a theorem and postulate from earlier
chapters. The theorem and postuiate are repealed here for your use.

(1) If a point is equidistant m_..u:_ the endpoints of a segment, then
the point lies on the perpendicular bisector of the segment.

(2} Through any two points there is exactly one line.

Construction 4 ) !

" e
Given a segment, consiruct the perpendicular bisector of ihe segmieiil.

Given: AB

Construct: The perpendicular bisector of AB

A LF-)
Prucedure:

l. Using any radius grester than $48, draw four arcs of e
equal radii, two with center 4 and two with center /"
B. Label the points of intersections of these arcs X
and Y.

Draw X7, A -4

2

XY is the perpendicular bisector of A8.

Justification: Points X and ¥ are equidistant from A and © M
8. Thus XY is the pecpendicular bisector T
of AB, C
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A

Lxercises 11-13 will analyze the following problem. oY

Given: Line [; points X and ¥
Construct; A circle through Y and tangent to { at X 9.
! : 11,
X 13.
B 14

If the problem had been solved, we would have a diagrum
something iike the one shown.

11, Where does the center of the circle lie with respect to

line / apd point X? t
12, H\i:nﬁn does the center of the cirele lie with respect to
xr? 16

13. Explain how te carry out the construction of the circle.

hd

b

Construct an angle Wwith the indicated measure.

|

45 100135
224 2. 105
Draw a segment AB. Construet a segment XY whose E:m:...nm:m_m 3AB.

a. Draw an acute triangle. Construct the perpendicular bisector ol each
side.
Do the perpendicular lisectors intersect

one point?

c. Repeat _uu:mxuy and (b) using an obtuse lriangle.

a. Draw an acute triangle. Consiruct the three altitudes,
Do the lines! that contain the aititudes intersect in one point?
. Repeat partsi{a} and (b} using an cbtuse triangle.

Draw a ..._WJ..AW large acute triangle. Construct the three medians.

a

b. Do the lines, that contain the medians intersect in one point?

¢. Repeat parts {a) and (b) using an obtuse triangle.

©On your paper draw: figures roughly Jike those shown. Use them in constructing

Written Exercises

Draw a figure roughly like the one shown, but larger. Do the indicated
construction clearly encugh so that your method can be understoed easily.

the figures described in Exercises 17-24.

1. The perpendicular to { at P 2. The perpendicular to f from S
; 5 17,
P ! 18.
19,
. The perpendicular bisector of K 4. The parailel to { 20.
’ L 21.
2.
23.

24,
6. The perpendicular 1o BA ut A C 25

D A S
26.
£ F g C

. The perpendicular to HI from G 8. A complement of £ KMN

H o F M N

(¥

. The parallel to ED through £

e

~1

A parallelogram with an n® angle and sides of lengths o and b

A reciangle with sides of lengths a and b

A square with perimeter Za

A rhombus with diagonals of lengths a and &

A square with diagonals of length &

A segment of _mm:m:.h <a|~1.ﬂlw;,

A B:mm.n. i.w?.w."mwoam_m of length V) .

A right triangle with hypotenuse of length a and cne leg of length b
Draw a segment and let its length be 5. Construct a segment whose length
is 5V3, ‘

Draw a &mmEj roughly like the one shown. E:s@h laying your M:am:,mamm
across apy part of the lake, construct more of RS.
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Theorem F0-2

The perpendicuiar bisectors of the sides of a triangle intersect in a point that
is equidistant from the three vertices of the triangie.

Given: AABC; the L bisectors of _h_|_m. m. and AC

Prove: The L bisectors intersect in a point; that point is equi-
distant from A, B, ard C.

Proof:
The perpendicular bisectors of AC and BC intersect at some A
point Q. We will show that poini O lies on the perpendicular
bisector of AB and is equidistant from A, 2, and C.
Draw OA, OB, and OC. Since any point on the perpen-
dicular bisector of a segment is equidistart from the endpoints
of the segment {Theorem 4-3, page 153}, 0A = QC and
0C = 0B. Thus 04 = OB. Since any point equidistant from
the endgoints of a segment fies on the perpendiculiar bisector

of the segment (Theorem 4-6, page 153), O is on the perpen- 0

dicutar bisector of A8. Since OA = 08 = OC, point O is
equidistant from A, 8, apd C. A

Classroom. Exercises

1.

o

The following theorems will be proved in Chapter [3.

Theorem 10-3

The lines that contain the altitudes of a triangle intersect in a point.

Theorem 10-4

H_mmim&ummomm.wmmmmntnaﬂmmﬁ_zw_uo::z.mﬁa:é__Hmw%c:rm&m»n:nm
frosn each vertex to ihe midpoint of the.opposite side. :

According to Theorem 10-4, if AM. BN. and CO are o
medians of AAAC, then:
AX = JAM N
© XN = iBN
CX:X0:CO = 2:1:3 - A

- The points of intersection described in the theorems in this section are
sometimes called the incenter (point where the angle bisectors meet}, circumcenter.
(point where the perpendicular bisectors meet). orthocenter (paint where the
ajtitudes meet), and centroid (point where the medians meet). -

‘p H.

Draw, if possible, a triangle in which the perpendicular bisectors of the
sides intersect in a point with the jocaticn described.

a. A point inside the triangle b. A point outside the triangle
¢. A point on the triangle ]

Repeat Exercise |, but work with angle bisectors.

Is there some kind .of; triangle such that the perpendicular bisectotr of each
side is also an angle 'bisector, a median, and an altitude?

AJAM 35 a right triabgle.

a. Is JM an altitude of AJAMT

b. Name another altifude shows.

c. In what point do the three aliitudes of AJAM meet? )

d, Where do the perpendicular biseciors of the sides of M A
AJAM meet?

e. Does your answer io ﬁn.s uw,nmm with Theorem 10-27?

The medians of ADEF are shown. Find the lengths indicated.
a Ep=_1 _ b. PR=_"
.fFT =9, then PT = _? _and FF = _*_,
Given: RJ and S are medians of ARST;
X and ¥ are the midpoints of RG and SG.
a. How are XY and RS related? Why?
. How are KJ and KS related? Why?
c. How are £/ and XY related? Why?
d. What special kind of quadrilateral is XV/K? Why?
e. Why does XG = GJ?
{. Explain why RG = §RJ.

Weitten Exercizes

Draw a triangle such that the lines containing the three altitudes intersect
in a point with the location described.
a. A point inside the triangle”

¢. A point on the triangle

b, A point vutside the triangle

Exercises 2-5 refer to the diagram in which the medians of 8 triangle are

shown.

2.
3
4.
5

Find the values of x and y. . A

If AB = 6, then BP'= _T . and AP
\.ﬂ

it
1

If AB = 7, then BP = _?_and AP
If PB = 1.9, then AP = _1_and 48 = _1 | B

HY




'O 01 1uaFue) 51
¥ 1e YO sniper o1 xeirotpuadisd 51 1 asnessg uoueagusng

V¥ 0@ o1 wedue 5 7 o6

¥ TNED Y IR Yo o repnatpusdiad U sy jonnsuod (g
‘— .

1 YO arlg
RINEAA0I]

¥ 1B Q@ 01 JU9BUR 34], jonnsuon
Q0 uo ¥ uog HIEINTS)

“jugod uaars oy 1
B[4 3Y) 0] JUITULY Y 1ONAISUOY AP o jurod BUIALD

<

§91241D -0

'SRS1I3%F UOHONLSUOD [RUIBHIO U] SUONONNSUOD JIS8q Byl 35[] '
“SUONINNISUGY J1SEQ [EUONIPPE U3ASS ULIOJIag

saanoslqo

SUODNIISUOY) IO

: om_mnmE B IN0QE PaguIosumaID
112 m .._o poycuu uE E 1958101 saur) jo adAr 1eypy Seomou nok op
Jeum "¥3.pue 0O pUE ‘0g pue 49 'gy pue FY Jo spdua) 2y sredwo)
buiﬁu%& O puz ‘. 7 18 Sepis 91 Sunoesiann 'Y pue ‘og ‘g O (7 Wwoy
sjuawgas Jeinatpuadiad MEIG DYV ®noqe apoaio v 9qQUIISUINJIL) *E

{918uely ¥ Ul paqLIDsul IO B Jo
imusy A 1B 123s19U sau)f jo 9dA) eym ¢sanou nok op wypy OVET
pUE "qvg7 '§ov7 pue Gov7 '0gvy7 pue (FY7 JO SAUNSEIW
a1 aredwo) " 3@ PUR ‘gq VG MEIQ HFYY B SPISUL ¢ 292 B aquIsLy T

*$3IN3Y ILPW0IT SAINSEIU PUE SMEIP T8

Eﬂmci ¥ 5;., Jonduror 2 m..:mn u:ov 94 ued saspUaxe Lroredopdxa asayy,
1

sucpeIojdRg

£ 01 uBy) § pUE Y 4109 61 1350[2 siuiod -q

£ WOl Uey § puR ¥ 410q Wwod) Joye) S1Ulod ‘e

‘suetd

ay1-uj siwlod BuImolio] Byl JO LONEIO] ;[ aqUIsAQ "L
pue s 'y woy ueisipinba 51 g wed famSy sued sy up -z a

. *§2[395051 51 2[SuLLy AU uay)
itenIduos are 2jSurl e o supipaw ay) jo'om) 1 ey 9A01g "B

2 Al a ﬁ.Qm. MBI )
. = X7 18y) 2ao0ud ‘¥ 1e Uv. sioassRlul g
v Hoaopm E_E:U_E o fy yna wosSosaqesed ¢ $1 GIgY ST
T = Md put T = 2z
Wiy ‘¢l - 2 =gy pue gl — g — £ =MT I v
M |4 = A

q\‘ 10 = £ uay + = Ad pue | + A Hemmq il £

XUy YT = f1d PUE X = gV 4] “CT
o Qm‘#\ﬂ. ,_Q wEWZu&E a3 e % ﬁ—ha .\»m. .D_Iv..

‘g¥0D 7 01 luoniduod sajfue agyr JweN ‘9
=V¥D'q
7O = g0 E.s :::n_xm '

"DV V JO SuBlpsw juanifuod ole Fg pun Gy ‘ansy oy uj ‘i
"SUMO] 23141 Ayl Wwoxy 3uelsipinba jods ® puy o

s{qissod 1,us: 11 18] 05 Sume) 931Y) 91807 " BS1913X 998 OT

<

2 : -ue[d 2y Jo wopsia oy 1noqe JUDWUIOD “SUMO)

391Y1 3y oy Juesipinbs (ley 3@ pling o 51 op o3 Suny

Ae Ate] 31 1eY) Fproap Asyj, SUMO) DRG] [[B IAIIS 0) L0JUID
Xo Honealze) Su0 pynq o tejd ‘UMoys si palsan| ‘sumol FaIyL v g

i(q) 1red ur maip nok
a{SueLn 91 1noge snd) 2q 01 sagadde Jeum
“UONIISIFN jo spujod 9311y
asauy Sunaauuey siuawdas Ay sy melg g
‘uopoesialu; Jo Jured
Ji2Y) pulj pue SUBIPSW Om1 AUY 15MLSUOD
"sa{8ueln [erate[Inba soay) oyi jo nove ug e
"UMOUS ST SIPIS SY) JO Yyoua uo 53{Sugln
jeamennba yonnsuos pue DY ;95 Aus melq g

"SI01951q 3|8 2y 1onn5U0) ‘g aslotexyg UT se uoFwuad 1p(ndar e MEIT "L

*EIPIS 9AY 9} Jo 110109819 Jejnolpuedrad ay)
100NSUOD UBYf, ~woSuiuad 1gndal v mulp 0) tooenoxd ¥ pue fajm v asn g




Construction 9

Given a point outside a circle, constrict a tangent o the circle from the given
point.

Given: Point P outside QO

Construct: A tangent to OO0 from £ ap

Procedure:

1. Draw OF.

2. Find the wmidpoint M of oFP by constructing the
perpendicular bisector of OF.

3. Using M as center and MP as radius, draw a circle that
intersects @O in a point X.

4. Draw WIX..

—_ —_—

PX is tangent to OO from P. PY, not drawn, is the ather

tangent from P.

Tustification: If you draw OX. £ OXP is inscribed in a semicircle,
Then £ OXP is aright angle and PX L OX. Be-
cause PX is perpeadicular to radius OX at its

e

outer ¢ndpoint, PX is tangent to O G.

Construction ,mt

Given a triangle, cirewmscribe & cirele about the triangle.

Given: ANABC
Construct: A circle passing through A, 8, and C

Procedure:

1. Construct the perpendicular bisectors of any two sides of
AABC, Label the point of intersection O.

2. Using O as cemter and QA as radius, draw a circle.
Circle O passes through A, B, and C.

lustification: See Theorem 10-2 on page 387.

T

. Construction 11

= W circle in the triangle.

Given: AABC
Construct: A circle tangent to AB. BC, and AC

Procedure: : A

1.

w

Circle [ is langent to AB, BC, and AC.

Construct the bisectors of £A and £ B.
Label the point of intersection /,

. [ =7
Construct a perpendicular. from f to AB,
intersecting A8 at a point R.

Using [ ag center and [R as radius, draw
a circle.

Justification: See Theorem [0-1 on page 386.

Classroom Exercises

1
2

fad

=

b

*

Explain how to find thé midpoint of AB.

Explain how to construct the ceater of the circle containing
points A, B, and C.

Explain how to find the line described.
a. Parallel to RS and passing through P
b. Parallel to RS and tangent 10 OF

Here you see a common methed for using just one compass
setting for drawing. a circle and dividing the circle into six
congruent arcs. Explain how the method works.

Suppose a circle is given. Explain how you can use the
method .of Exercise 4 {o inscribe an equilateral triangle in the
circle.

Suppose the construction of Exercise 4 has been carried out.
Explain how you can then inscribe a regular twelve-sided polygon
in the circle,

m

s
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Construction .mw

Given thiee segments, construct a fourth segment so that the four seginents

4re in proportion.

Given: Segments with lengths a, b, and ¢
a
Construct: A segment of length x such :.:.:m ==
X
Procedure:

1. Draw an £ HIJ.

2. On I, mark off IR = a and &S = b.

3. On /H, mark off IT = c.

4. Draw RT.

h] w: 3, construct a parallel to Nﬁ intersecting ﬂ.
in a poiat U.

C

TU has length + such :ﬁ:m ==
X

lustification: Because RT is parallel to side SU of AS/U, RT divides the other

. two sides of the triangle proportionally. ,_.ra_.n?w.n.m

Consiruction 14
Given two segments, consiruct thelr geometric mean,

Given: Segments with lengths a and &

a x
Construct: A segment of length x such that - = =

X
(or x = vVab)

Procedure:

1. Draw a line and mark off RS = @ and ST = b.

2. Locate the midpoint & mm. by consiructing the per-
pendicular bisector of RT.

3. Using O as center draw a semicircle with a radius
equal to OR.

4. At §, construct a perpendicular to RT. The
perpendicular intersects the semicircle at a point Z.

Z5, or x, is the geomeiric mean between a and 5.

Justification: KZT Is a semicircles IF you draw RZ and ZT, then
ARZT is a right triangle. Since Z5 is the altitude to

the hypatenuse of ri. ARZT, L w
'y

24

R T

Classrooem Exercises

1. Given a segment. tell how to “,..._en._m"z:o, an equilateral riangle whose perimeter

equals the length of the given segment.

: i
Draw three segments and label »__w.:. lengths a, b, and c.

I

: c
Construct a segment of length x such z.::m ==

Describe how to construct a segment of lenglh & such thal x

2.
3.
4. Describe how to construct a segment of length x such that x
5. that x = Vdab,

Describe how to construct a segment of length v such

Exercises 6-11 will analyze the following problen:.

Given: Line f; points A mz.n._ B
Construct: A circle through A and B and tangenti to ¢

{f the problem had been solved, we would have & diagram
somelhing like the one shown.

6. Where does the center of the circie lie with respect 1@
AB?

7. Where does the center of the circle lie with respect (o
{ine t and K, the point of tangency?

Mote that we don’t have point X located in the given diagram.
—r

Hunting for ideas, we draw A8, 'We now have a point J/,

which we can locate in the given diagram.

[
8. State an equation that relates JK to JA and JB.

Lo : ? JK
9. Rewrite your equation in the form wE

10. What construction can we use to get the length JK7

In a seperate dingram we can mark off the lengths JA and

JB on some line { and thea use Construction 14 to find x
JA A : .

such that o= %. Once we have x, which equals /&, we

return to the given diagram and 'draw an arc to locate K.

11. Explain how to cotnplete onstruction of the circle.

2 2.

JI|
a8
Q|2
&l&

L%

LY

kY
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Suppose we have a line & in a plane and wish to picture the locus of points

in the plane that are | em. from 4.

below,

Several points are shown in the first diagram

All the points satisfying the given conditions are indicated in the next diagram.
You see that the required locus is a pair of lines parallel 1o, and | em from, 4.

a

Suppose we wish to picture the locus of points | em from &k without requir-

ing the points 10 be in a plane. The problem changes.

MNow you need to con-

sider all the points in space that are | em from line £, The required locus is a
cylindrical surface with axis & and a | cm radivs. as shown below. Of course,

the surface wiil extend

in both directions without end, just as line & does.

Yhen you are solving a locus problem, always think in terms of three
dimensions uniess the statement of the problem restricts the locus to a plane.

Class

rocm Exercises

1. Draw a point A en the chalkboard.
Draw several points on the chaikboard that are 20 cm from A.
Diraw all the points on the chalkboard that are 20 cm from A,

a.
b.

c.

d.

Complete: The locus of all points on
20 cm from point 4 is 7 .. .

Remove the restriction that the points must lie in the plane of

the chalkboard. Now describe the locus,

.5

the chaikboard

that

are

2.

»

10,

1.
12.

Draw two parallel lines & and {.

a. Draw several points that are in the
equidistant from & and {.

L. Draw all the points Lhat are in the piane conluining & and { and are
equidistant from & and /.

. Describe the locds of points thal are in the plane of two parailel
lines and n@xm&mz_éﬂ from them.

d. Remove the restriction that the points must lie in the plane of the

lwo lines. Now describe the locus.
L4

ne containing & and { and are

Draw an angle.

a. Draw several points in Ea plane of the angle thal are equidistant from
the sides of the angle,

b. Draw mH the no_nT in the plane of :ﬁ angle that are equidistznt from
the .:n_mm of :_a mum"a.

c. Describe the’ _oncm of points in the plane of a given angle that
are equidistant from the sides of the angle

What i5 the focus of no::m in your classroom that are equidistant from the
ceiling and floor?

What is the locus of _uo:zm in your classroom thal are H m ?Ez En floor?

Chgose a point £.oa the flgor of the classroom.
a. What is the locus!df poiats, on the Floor. that are | m from P?
b. What is the locus, of poiats, in the room, that are 1 m from P?

Yhat is the locus of points in your class-
room that are equidistant from the ceiling
and floor and are also equidistant from
lwo opposite side walls?

What is the locus of puints in your class-
room thal -are.gquidistant- from the front
and back walls.end are also equidistant

from the two side E.p,:_%
Describe the locus of points on a footbal)

field that are eguidistant from the
two goal [ines. '

Draw a circle with radius 6 cm. Use the following definition of distance

from a circle: & point P 5 x cm from a circle if there is a point of the

circle that js x cm from P bul there is no point of the circle ::: is less

than x cm from P. !

a. Draw all the poinis in the plane of the circle that ace 2 em from
the circle.

b. Compieter Given a circle with a 6 ¢m radius, the _en_._m of all peints in

the plane of the gircle and 2 cm from the circle is 7.

Remeove the restr m:e: that the poinls must iie in the plane of the circle.

‘Now describe the locus.

~

Make up a Jocus problem for which the locus coniains exactly one point.
Make up a locus problem for which the locus doesn’t conlain any points.

_ PR~
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The locus of points satisfying borfr conditions given on the previous page
must lie on both circle A4 and line /. There are three possibilities, depending
on the positions of A, 8. and C, as shown below,

Be Bo bs
/ N \4 °c d oC

All three can be described in one sentence:

The locus is two points, one point, or no points, depending on the
intersection of the circle with center A and radius I cm and the lire that
is the perpendicular bisector of BC.

The example that follows deals with the corresponding probiem in three
dimensions,

Example Given three noncoilinear poinis A, B, and C, what is the locus of points I cm
from A and equidistant from B and 7

Solution

Ae

be
o
The first locus is sphere A with The second locus is plane P, the
radius | can. perpendicular bisector of BC,

Possibilities:

The plane might cut the sphere in a ciccle.

The plane might be tangen! to the sphere,

The plane might not have any peints in commaon with the sphere.

Thus, the locus is u cirele. one paint, or no points, depending on the intersection

of the sphere with center A4 and radivs | em and the plane which is the
perpendicular bisector of BC.

2

Classroom Exercises

Exercises 1-4 refer to coplanar figures. Describe the possible intersections
of the figures named.

N

1. A line and 2 circle . 2. Twao circles
3. Two parallei lines and & circle

5. Consider the following problem: I a plane, what is the locus of points
that are equidistant from the sides of £ A and are equidistant from two
points B and C?

a. The locus of points equidistant from the sides of £ A4 is 2.,

b, The locus of points equidistant from 8 and C is _?

¢. Draw diagrams to’ show three pessib
that satisfy both conditions {a} and (b).

d. Describe the locus.

ties with regard 1o points

Exercises 69 refer to figures in space. Describe the possible intersections of
the figures named. ’ ! '

6. A line and a plane 7. A line and a sphere

8. Two spheres 9. A plane and a sphere

10. Let C be the point in the certer of your classroom (nor the cenier af the
Moar}. Describe the locus of points in the room that satisfy the given
conditions. ’

4. 3 m from
b. 3 m from ¢ and equidistant from the ceiling and the floor
e. 3 mfrom € and 1 f from either the ceiling or the flogr

Writien Exercises

Exercises 1 and 2 refer-to plane figures.

A 1. Draw a new Q0 for each part. Then place two points A and B owtside
OG0 so that the Jocus of points on @O and equidistant from A and 8 is:
a. 2 points
b. O points '
c. | point '

[

Draw two parallel lines M_: and n. Then place two points R and § so that
the lacus of points equidistant from m and » and also equidistant from &
and § is:

a. I point

b. i line

c. 0 points

4. Two nn%m_awo:_&. lines and 1 circle
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24. A mini-radio transmitter has been secured to
a bear. Range:s D, £, and F are studying the
beur's movements. Rangers D and £ ¢an receive
the bear's beep at distances up to 10 km, ranger
£ at distances up to {5 km.

Draw a diagram showing where the bear might
be at these times:

8. When all three rangers can receive the-signal
b

When ranger £ suddenly detects the signal
after a period of time during which only
rangers D and £ could receive the signal
¢. When ranger I is off duty, and ranger F
begins to detect the signal just as ranger £

loses it
. F 20 E

Challengea
Given AB. it is possible to construct the 7
midpoint 4 of A8 using only & compass \\nliw/V/\\IllJI/.u/
{and no straightedge). Study the diagram \ N \ ™.
until you understand the procedure. Then \ AN
draw A8, about 10 ¢m long. construct its /__,
midpoint M as shown, and prove that M J
is the midpoint. Ae———="" 4 p e

Classroom Exercises

10-8 Locus and Construction

Semetimes the solution t6 4 construction problem depends on finding a point
that satisfies more than one condition. To locate the point. you may have to
begin by construeting a locus of points satisfying oste of the conditions.

Example Given the angle and the segments shown. construgt AASC with m£ A = i,
iy
AB = r, and the altitude to AJ having length 5.

255

Belutien [t is easy to congtruct 2 4 and side A&,

Point C must satisfy two conditions: ¢

—

~must lie or AZ,'and C must be s units
from AB. The locus of points s units
from 4B is a pair of parallel ines, Only
the upper parallel will intersect AZ. We
consiruet that parallel to A8 as follows:

1

) —r
Construct the perpendicular to AB at
any convenient point X,

e}

Mark off 5 units on the perpendicular
to locate point Y.

w

Construct the perpendicular to X7 at
Y. Call it Y.

Note that all m&,:nm on YW are 5 units
from AB. Thus_the intersection of W
and AZ is the desired point C. To
complete the solution, we simply draw
CB.

problem:

1. The purpose of this exercise is to analyze the following construction

Given a cirele and a segment with length &, inscribe in the circle

an isosceles triangie RST with base RS k units long.

a, Suppose R has been chosen. Where must § lic so that RS
equals &7 (In other words, what is the locus of points & units

from R?)

b. Now suppose RS has been drawn. Where must T lie 50 that
RT = .57 (In other.words, what is the locus of points equidistant

from R and §7) . -
Explain the steps of the coastruction shown,

() . (2)

(el

d. Explain two different ways to finish the construction.

B
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(12) Division of a given segment into any number of congruent parts,
page 396
a
{13) A segment of length x such :::w = m when segments of lengths a,
b, and ¢ are given, page 397
(14) A segment whose length is the geometric mean between the leagths
of two given segments, page 397

3. Every triangle has these concurrency properties:

(1} The bisectors of the angles intersect in a point that is equidistant from
the three sides of the triangle,

(2) The perpendicular bisectors of the sides intersect in a point that is
equidistant from the three vertices of the triangle

(3) The lines that contain the allitudes intersect in a point.

{4) The medians iatersect in a point thal is two thirds of the distance
from each vertex to the midpoint of the apposite side.

4. A locus is the set of all points, and only those points, that satisfy one or
mere conditions.

3. A locus that satisfies more than one condition is found by considering all
possible intersections of the loci for the separate conditions.

e ST
ﬂmw, Wmﬁmé

In Exercises 1-3 draw a diagram that is similar to, but larger than, the one
shown. Then do the constructions. X

1. Draw any line s, On m construct ST such that ST = 3XY.
Z. Construct an angle with measure equal to m 2 X + m£ Z,
3. Bisect £ Y.

Use a diagram like the one helow for Exercises 4-7.

o E
;)

A . B (&
4. Construct the perpendicular bisector of A3,
5. Coastruet the perpendicular to AC a1 C.

6. Construct the perpendicular to A€ trom D.
7. Construct the parallel 1o ac through E.

...__m::: from the vertices of the triangle.

9. The
_distant from the sides of the triangle.

10. If MR = 12, then MP
11, OR:ROC =

is equi- Q

N

al answer) Exs. 10, 11

Draw a large OO0, Label a point F on OO and a peint G outside O0.

12. Construct the tangent to QO at F.
13. Construct a tangent 0 QO from G.

14. Draw a large acute triangle. Find, by constructicn, the ceater of the circle
that could be inscribed in the triangle.

15. Draw a large obiuse triangle. Construct a circle that circumseribes the
triangie,

Draw segments about as long as those shown below. In each exercise, construct
a segment with the required length ¢.

[ b c

b,

16. 1* = bc : 17, ar = be 18. i = §a + B)

19. Given two parallel lines ! and m, what is the locus of points in their
plane and equidistant from them?

20

Given two points A and 8, what is the locus of points, in space, equidistant

from A and B?
Z1. What is the locus of points in space equidistant from two parallel planes?
22. What is the locus of momsﬁ in space that are equidistant from the vertices

of equilateral AHJIK?

23. Points P and ¢ are 6 cm apart. What is (he locus of points in a plone

’ that are equidistant from P and Q and are 8 cm from P? Sketch the locus.

24. Point R is on line {. What is the locus in space of poinls that are 8 cm
from [ and 8 cm from R?

25. What is the locus of points in space that are 1 mfrom plane Q and

2 m from point Z not in @7 (There is mcre than one possibility.)

Use the segments with lengihs a, &, and ¢ that you drew for Exercises 16-18.

26
27

Construct an isosceles right triangle with hypotenuse of length a.

Construct a ARST with 8§ = a, RT = ¢, and the median to RS of
length b,

(A
A

10-3

10-4

10-5
10-6

10-7

10-8



