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~ and visually estimate the limits.

(a)

(b) lim h(x)
3. f(x) = xcosx

(a)
(b)

- 1. h(x) = x* — 5x

lim A(x)

- 5

x—=>—|

lim f(x)
r—0)

lim f(x)

x—7w/3

- xercises for Section 1.3

2. glx) =

In Exercises 5-22, find the limit.

5. Iim

r—2

7. lim (2x — 1)

xr—0

9. lim (x* + 3x)

b G Jou

x*

3

11. Iim (2x° + 4x

X——3

13. Iim 3

x—2 X

B ol
1. !1_13]] x>+ 4

1.l —
=7 Jx + 2
19. lim Vx + |

X3

21. lim (x + 3)2

X——4

10.

1) 12.
14.
16.

18.
20,

22,

In Exercises 23-26, find the limits.
23. f(x) =5 — x, glx) = x3

(@) lim f£(x)

X—>1

(b) lim g(x)

4. f(x) =x+7, g(x) = x2

(@) lim £(x)

X—>—73

(b) lim g(x)

25. fx) =4 - »2, gx) = V/x + 1

(@) lim f£(x)

=] |

(b) lim g(x)

. f&) = t|t — 4]

Exercises 1-4, use a graphing utility to graph the function

12(/x — 3)
xX-=9

(a) lim g(x)
(b) lim g(x)

x—0

)
e
@ mf0) o
(b) lim f£(z) \

r——1

lim x3

X——2

liI{l3 (3x + 2)
lim (—x% + 1)

x—1

lim (3x3 — 2x2 + 4)

x—1

§ .
x—lan—JB ¥ 2

TR S
x—=3 x+ 5

lim
x—3 )C“4

lim 3/% + 4

x—4

lim (2x — 1)3

x—0

(¢) lim g(f(x))

26. f(x) = 2y2 — 3x+ 1, glx) = 3x + 6

(@) lim f£(x)

r—4

In Exercises 27-36, find the

(b) lim g(x)

28.
30.

32.
34.

() lim g(f(x))

limit of the trigonometric function.

lim tan x

X277

: ., X
Im sin —
x—>1 2

lim cos 3x

X=—=>1T

Iim cosx
x—5m/3

SECTION 1.3

Evaluating Limits Analytically 67

See www.CalcChat.com for worked-out solutions to odd-numbered exercises.

38. lLim tan(ff)

x—3

36. lim sec(zg—c)

x—7

In Exercises 37-40, use the information to evaluate the limits.

37. lim f(x) = 2

X=>C

X——=C

‘>\ lim g(x) = 3
4 W\

&L (a) lim [5g(x)]

b Sy [

(b) lim [f(x) + g(x)]

X—>C

(©) lim [f(x)g(x)]

(d) lim ]_C_(_x_)
xX—c g(X)
39. Iim f(x) = 4

(a) lim [f(x)]

e

(b) lim /f(x)

X3C

38. lim f(x) =

XL

lim g(x) =

X=—=C

(a) lim [4f(x)]

X—C

() Lim [f(x) + g(x)]

B S i

(c) Lim [f(x)g(x)]

X=9>C

= W

(d) lim ]-r(i)-
X—cC g()C)
40. lim f(x) = 27

b e

(@) lim J/f(x)

X—C

(¢) lim [3f (x)] (©) lim [£(x)]?

K= X9

(d) lim [ f(x)]*/2 (d) lim [f(x)]?/3

Kyl X=—3C

In Exercises 41-44, use the graph to determine the limit visually
(if it exists). Write a simpler function that agrees with the given
function at all but one point.

—2x2 + & i
P& il 2 - 42. h(x) =  ; 3x
X X

41. g(x) =

(a) lim hA(x)

Xx—-=2

(b) lim A(x)

x—0

(a) lim ¢ (x)

(b) lim g(x)

xX——

3

x3 — x
43.g(x)=x_1 x% — x

b y

(a) lim g(x)

(b) lim g(x)

xX—>—
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=

8 Graphical, Numerical, and Analytic Analysis In Exercises

In Exercises 45-48, find the limit of the function (if it exists).

Write a simpler function that agrees with the given function at 7982, use a graphing utility to graph the function and estimate
all but one point. Use a graphing utility to confirm your result. the limit. Use a table to reinforce your conclusion. Then find the
limit by analytic methods.
i BN v R - o ha® Sl
45. lim 46. lim :
»—-1 X+ 1 —-»-1 x+1 . sin 3¢ i cogx— ]
79. lim 80. lim .
x3 — 8 X3 +1 t—0 1 =0  2x
47. 1111% % T 48. lim & 1 sin x2 sin x
x x—-1 X 81. lim - | 82. lim —
x—0 X x—0 ¢ 3
In Exercises 49-62, find the limit (if it exists).
+ —
- x-5 2 —x In Exercises 83—-86, find lim & + Ax) f(x).
49. lim — 50. lim Ax—0 Ax
x—>5 X7 — 25 x—2 )C?' — 4 '
24 x—6 R Ry 83. f(x) =2x+ 3 84. f(x) = Vx
S1. 11r£13 2 _ g S2. hrrll1 2~ 7y — 8 4
’ - 7 P . /i 85. fl(x) = . 86. f(x) = x* — 4x
+ R i
P O LSk R PN L e
x—0 X x—0 X
In Exercises 87 and 88, use the Squeeze Theorem to find
. 7 3 s Rl ’ |
55. lim S 56. lim VX lim f(x).
| bk XK hocs S Rl x—¢
1/(3 + x)] — (1 +4)] — (1/4 _
7. g WC AU gy 1/ 4] - (1/4) 8. c =0
’HOZ g ; e sz : 4 — x2 < f(x) £ 4+ x?
9, jio L0 B B AT AN T2 88. c = a
Ax—0 Ax Ax—0 Ax . :
- i = af & <hb+ ix—
A2 -2+ Ax) +1 - (x*—2x 1) x — al < ) o
i 61. Al;mo | g
‘ & Cat £ 1 Exercises 89-94, use a graphing utility to graph the given
& €L lisn (x + Ax)* — x function and the equations y = |x| and y = —|x| in the same

A3 Ax viewing window. Using the graphs to observe the Squeeze
| Theorem visually, find liII(l) f(x).

¥ Graphical, Numerical, and Analytic Analysis In Exercises

63—66, use a graphing utility to graph the function and estimate 89. f(x) = xcosx 90. f(x) = |xsin x|
t?:e .hm.lt. Use a. table to reinforce your conclusion. Then find the 91. f(x) = x| sin x 92. f(x) = |x| cos x
limit by analytic methods. : ,
93. f(x) = xsin— 94. h(x) = xcos —
63. lim 2 /2 bl =2 ' » .
! x—0 X x—16 X — 16
1/ + x)] = (1/2 i ’
65. hn%[ / x))c] (1/2) 66. 1ing xx oy ting About Concepts
95. In the context of finding limits, discuss what is meant by
In Exercises 67-78, determine the limit of the trigonometric two functions that agree at all but one point.
i function (if it exists). 96. Give an example of two functions that agree at all but one
. sinx ~ 3(1 — cosx) _—
| 67. l}_{}% S+ 63. }g% x 97. What is meant by an indeterminate form?
 sinx(1 — cos x)  cos Otan 0 98. In your own words, explain the Squeeze Theorem.
69. lim = 70. lim
x—0 22X 6—0 v,
- sinx iRt X N s . w3
71. 1111}) p 72. lln(l) » B 99. Writing Use a graphing utility to graph
x— x—>
. 2 - : sin X T
73. lim (1 COS h) 74. lim d) sec d) f(x) = X g(x) = S X, and h(X) o ,~
h—0 h > = ol
75 1im COS X 76. lim ] — tan x in the same viewing window. Compare the magnitudes of f (x),;
x->m/2 COL X x—>m/4 SN X — COS X and g(x) when x is close to 0. Use the comparison t0 write'd 8
e short paragraph explaining why
77, hr% > B
B [— e
3 K 3 . _1 liII'(l) h(x) = 1. __ f
' 78. lim —— | Hint: Find nm(2 X )( 2 )
088 3 | e, R - 3 sin 3x/ _




. ntmg Use a graphing utility to graph

.‘.;\,-' ‘

T sin® x
E - (x) = x, g(x) = sin’x, and h(x) =

E - n the same viewing window. Compare the magnitudes of f(x)
and g(x) when x is close to 0. Use the comparison to write a

short paragraph explaining why

hm h(x) = 0.

x-—-)O

-Fallmg Object In Exercises 101 and 102, use the position

n tlon s(t) = —16t> + 1000, which gives the height (in feet) of
n obJect that has fallen for 7 seconds from a height of 1000 feet.
j.r velocnty at time £ = a seconds is given by

L 5@ - s0)
im — '

a—1

1 If a construction worker drops a wrench from a height of 1000
 feet, how fast will the wrench be falling after 5 seconds?

If a construction worker drops a wrench from a height of 1000

will the wrench impact the ground?

ree-Falling Object In Exercises 103 and 104, use the position
inction s(£) = —4.9¢% + 150, which gives the height (in meters)
I an object that has fallen from a height of 150 meters. The
elocity at time ¢ = a seconds is given by

' s(a) — s(¢)

ba A — 1

)3. Find the velocity of the object when ¢ = 3.
4. At what velocity will the object impact the ground?

US. Find two functions f and g such that lim f (x) and hm g(x) do

x—0

not exist, but lim [ f(x) + g(x)] does exist.

x—0

V6. Prove that if lim f(x) exists and lim [ f(x) + g(x)] does not

XL ¥ i

exist, then lim g(x) does not exist.
X2=PC

7. Prove Property 1 of Theorem 1.1.

08. Prove Property 3 of Theorem 1.1. (You may use Property 3 of
- Theorem 1.2.)

09. Prove Property 1 of Theorem S 4
10. Prove that if lim f(x) = 0, then lim | f(x)| = 0.

P L X-—=C

11. Prove that if lim f(x) = 0 and |g(x)| < M for a fixed number

X=3L

M and all x # c, then lim f(x)g(x) = 0.

X—9C

12. (a) Prove that if lim | f(x)| = 0, then lim f(x) = 0.

XL X=—>C

(Note: This is the converse of Exercise 110.)

(b) Prove that if lim f(x) = L, then lim |f(x)| = |L|.

b o A XL

[Hint: Use the inequality || f(x)| — |Z] < |f(&x) — L|.]

feet, when will the wrench hit the ground? At what velocity:

SECTION 1.3 Evaluating Limits Analytically 69

True or False? In Exercises 113-118, determine whether the
statement is true or false. If it is false, explain why or give an
example that shows it is false.

113. limlil = ]

x—0 X

114. lim >—= = 1

X—=m X

115. If f(x) = g(x) for all real numbers other than x = 0, and
lim f(x) = L, then Ilim g(x) = L.

x—0 x—0
116. If lim f(x) = L, then f(c) =

r
D X852
1170 1 s 3 h TEK { ’ N
x:n%f(x) where f(x) = 9 2512

118. If f(x) < g(x) for all x # a, then

lim f(x) < lim g(x).

X~ X—a

119. Think About It Find a function f to show that the converse
of Exercise 112(b) is not true. [Hint: Find a function f such
that lim |f(x)| = |L| but lim f(x) does not exist.]

X=9C X—9C

120. Prove the second part of Theorem 1.9 by proving that

1 —cosx
lim = ().
x—0 X

0, 1if x1s rational
12 Lat fix) = {1, if x is irrational

and

r

0, 1if x1s rational

x) = 1 AT Sl
8x) x, 1f x 1s 1rrational.

~

Find (if possible) lincl> f(x) and lin(l) g(x).

secx — 1
i

Graphical Reasoning: Consider f(x) =

(a) Find the domain of f.

(b) Use a graphing utility to graph f. Is the domain of f
obvious from the graph? If not, explain.

(c) Use the graph of f to approximate P_{)% flx).

(d) Confirm the answer in part (c) analytically.

123. Approximation

B :
(a) Find lim —————
x—0 X

(b) Use the result in part (a) to derive the approximation
cos x = 1 — 3x2 for x near 0.

(c) Use the result in part (b) to approximate cos(0.1).

(d) Use a calculator to approximate cos(0.1) to four decimal
places. Compare the result with part (c).

124. Think About It When using a graphing utility to generate a
table to approximate lim [ (sin x)/x], a student concluded that

x—0

~ the limit was 0.01745 rather than 1. Determine the probable
cause of the error.
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