NOTE A version of the Product Rule
that some people prefer is

%[ FX)g()] = f/(x)gkx) + fx)g'().

The advantage of this form is that it
| generalizes easily to products involving
three or more factors.
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Find the derivative of a function using the Product Rule.
Find the derivative of a function using the Quotient Rule.
Find the derivative of a trigonometric function.

 Find a higher-order derivative of a function.

The Product Rule

In Section 2.2 you learned that the derivative of the sum of two functions is simply
the sum of their derivatives. The rules for the derivatives of the product and quotient
of two functions are not as simple.

THEOREM 2.7 The Product Rule

The product of two differentiable functions f and g is itself differentiable.
Moreover, the derivative of fg is the first function times the derivative of the
second, plus the second function times the derivative of the first.

%[f (x)g(x)] = f(x)g'(x) + gx)f'(x)

Proof Some mathematical proofs, such as the proof of the Sum Rule, are straight-
forward. Others involve clever steps that may appear unmotivated to a reader. This
proof involves such a step—subtracting and adding the same quantity—which is

shown 1n color.

o fet Ax)glx + Ax) — f(x)gx)
Ax—0 Ax
e flx+ Ax)e(x + Ax) — flx + Ax)g(x) + fx + Ax)glx) — f(x)g(x)
= lim
Ax—0 Ax

Ax) — g(x) flx + Ax)
Ax +8l) i

lim [f(x LR J.C)g(x i A:;)c = ﬁ(x)] AHO[ ) Jl + /-\12 f(x)]

- tim S+ ) - Jim EETAD B0 i ) i SO EHTD

= f(x)g'(x) + g(x)f"(x)

A,_,o[ o Ax)g(x + — f(x)]

Note that Alim0 f(x + Ax) = f(x) because f is given to be differentiable and therefore

is continuous.
The Product Rule can be extended to cover products involving more than two

factors. For example, if f, g, and h are differentiable functions of x, then
L1 fg@h()] = £ glh) + FIg Whx) + [RgWh ).

For instance, the derivative of y = x* sin x cos x 18

dy _
dx
= 2x sin x cos x + x*(cos®x — sinx).

— 2x sin x cos x + x2cos x cos x + x2sin x(—sin x)
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NOTE In Example 3, notice that you
use the Product Rule when both factors
of the product are variable, and you use
the Constant Multiple Rule when one of
the factors is a constant.

The derivative of a product of two functions is not (in general) given by the product
of the derivatives of the two functions. To see this, try comparing the product of the
derivatives of f(x) = 3x — 2x? and g(x) = 5 + 4x with the derivative in Example 1.

EXAMPLE | Using the Product Rule

Find the derivative of 2(x) = (3x — 2x?)(5 + 4x).

Solution
Derivative Derivative
First of second Second of first
[t N —_ \ e N — N

h'(x) = (3x — 2x?) %[5 + 4x] + (5 + 4x) %[3x — 2x?] Apply Product Rule.

= (3x — 22)@) + (5 + 4x)3 — 4x)
=({12% =~ 8x2) + (15 — 8x— 16x2)
—24x% + 4x + 15 S—

Il

§

In Example 1, you have the option of finding the derivative with or without the
Product Rule. To find the derivative without the Product Rule, you can write

D [(3x — 2x?)(5 + 4x)] = D [—8x3 + 2x? + 15x]
= —24x2 + 4x + 15.

In the next example, you must use the Product Rule.

EXAMPLE 2 Using the Product Rule

Find the derivative of y = 3x* sin x.

Solution
d 2 . 2 d . . d 2
E[3x sin x| = 3x Zt-[sm x] + smxa-;[3x ] Apply Product Rule.

= 3x2 cos x + (sin x)(6x)
= 3x2cos x + 6x sin x

= 3x(x cos x + 2 sin x)

EXAMPLE 3 Using the Product Rule

Find the derivative of y = 2x cos x — 2 sin x.

Solution
Product Rule Constant Multiple Rule
dy d ) ( d j , g i
— T P S S R -— —_——
! (2x)( ! [cos x] | + (cos x) = [2x1] — 2 5 [sin x]

= (2x)(—sin x) + (cos x)(2) — 2(cos x)

== —2xsinx DRETEmri
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nes. What are the values of y’ at
these two points?

86 RGN YA 6 s
Gas e b G -
MY iy

B —5x2+4x+5
. @Z+1)2

Y =

Y,
» .

ol \)‘ ) . ,
2 cal.c‘)mpanson of a function and

ire 2.22

SECTION 2.3 Product and Quotient Rules and Higher-Order Derivatives 121

The Quotient Rule

THEOREM 2.8 The Quotient Rule

The quotient f/g of two differentiable functions f and g 1s itself differentiable
at all values of x for which g(x) # 0. Moreover, the derivative of f/g is given

by the denominator times the derivative of the numerator minus the numerator
times the derivative of the denominator, all divided by the square of the

denominator.

d [f(X)] _ g)fx) — fx)g'x) o) # 0

dx| g(x) [g(x)]? ’

Proof As with the proof of Theorem 2.7, the key to this proof is subtracting and
adding the same quantity.

fx+ Ax) _ flx)
4[18) _ g B f0)

Definition of derivative

dx| g(x)] ax->0 Ax
= i g(x)f(x + Ax) — fx)g(x + Ax)
Ax—0 Axg(x)g(x + Ax)
= lim gx)f(x + Ax) — flx)glx) + flx)gx) — fx)g(x + Ax)
A 30 Axg(x)g(x + Ax)
L g+ Ax) = f] o fE)lel + Ax) — g(o)]
Ax—0 Ax Ax—0 Ax

Jim [g(x)g(x + Ax)]

g(x)[ fos f(x + Ax) “f(X)] -—f(x)[ o glx + Ax) — g(x)]
Ax—0

Ax—0 Ax Ax
lim [g()sx + A)]

_ g)f(x) — fx)g'x)

[g(x)]2 LT

Note that A1im0 g(x + Ax) = g(x) because g is given to be differentiable and therefore
X=—>

iS continuous.

EXAMPLE 4 Using the Quotient Rule

i st s e e L]
: i _Sx—12
Find the derivative of y = AT
Solution
2 d de s 1
e o (PR 1)—-[5x — 2] = (5x - 2)-[x + 1]
dx[xz + 1] - (xz 4 1)2 Apply Quotient Rule.
_ @+ 1)) — (5x — 2)(2x)
(x2 + 1)?
_ (5x% + 5) — (1022 — 4x)
(x2 + 1)2
_ =5+ 4x+ 5
(x2 + 1)?
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3_1
X
fx)= x+5
| 5
: 4
: 3
: y=1
'l (—1’ l)
T
7-6-5-4-3-2-1 | 1 23
E 2
: -3¢
E sk
: e 7

The line y = 1 is tangent to the graph of

f(x) at the point (— 1, 1).
Figure 2.23

NOTE To see the benefi
the Constant Multiple Rul

t of using
e for some

quotients, try using the Quotient Rule

to differentiate the functions in Example
6-—you should obtain the
but with more work.

same results,

Note the use of parentheses in Example 4. A liberal use of parentheses 1s recom-
mended for all types of differentiation problems. For instance, with the Quotient Rule,
it is a good idea to enclose all factors and derivatives in parentheses, and to pay special
attention to the subtraction required in the numerator.

When differentiation rules were introduced in the preceding section, the need for
rewriting before differentiating was emphasized. The next example illustrates this
point with the Quotient Rule.

EXAMPLE 5 Rewriting Before Differentiating

Find an equation of the tangent line to the graph of f (x) = s ;_il éx) at (—1, 1).

Solution Begin by rewriting the function.

_3-0/x o .
flx) = PO Write original function.
.\‘(3 . ;lc-)
== 2+ 5) Multiply numerator and denominator by x.
_ = 1 —
2 1 5y ewrite.
oo (x4 5x)(3) — (X = 1)(2x + 5) .
f'(x) = (2 + 52 Quotient Rule
_ (3x2 + 15x) — (6x% + 13x — 5)
(x2 + 5x)?
ey debe Rt d o
(2 + 50 o
To find the slope at (—1, 1), evaluate £(—1).
f(-1)=0 Slope of graph at (—1, 1)

Then, using the point-slope form of the equation of a line, you can determine that the
equation of the tangent line at (—1, 1) is y = 1. See Figure 2.23.

Not every quotient needs to be differentiated by the Quotient Rule. For example,
each quotient in the next example can be considered as the product of a constant times
2 function of x. In such cases it is more convenient to use the Constant Multiple Rule.

EXAMPLE 6 Using the Constant Multiple Rule

e———
Original Function Rewrite Differentiate Simplify
o G Jg 3x y-_—.-é—(x2+ 3x) y'—-lé(zx+ 3) ),fzgx_é‘t_?’
C. y= _3(3x7x— 2. yi= —%(3 =28 Y= —'37—(~2) o= g
Ga = 5—?(5 = %(x‘z) y' = %(—2)6‘3) y' = —-5%




